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Abstract
Vortex-lattice
wave fields (VLWs), with arbitrary vorticity N per unit cell, are introduced into Fourier optics.
Expressions for nondiffracting VLWs, with pre-determined vortex positions in the unit cell, are given. Provided a special
phase factor is associated with the VLW, the corresponding source distribution turns out to be a quasiperiodic function of
vorticity N or -N. A general solution to the problem of self-Fourier VLWs, in particular, rotationally symmetric VLWs, is
obtained. As a result of the rapid phase oscillations of a VLW, its autocorrelation function is usually a 2D Dirac comb
modulated by a decaying envelope function.

1. Introduction
Quasiperiodic
functions
exhibiting
a lattice of vortices
’ emerge in a natural way in a variety of physical
problems. We mention here, for example, the quasiperiodic solutions of the Ginzburg-Landau
equations for the
order parameter in superconductivity
near the upper critical field [ 11; quantum-mechanical
representations based
on a lattice in phase space, which turn out to be most natural for describing the dynamics of electrons in solids
[2]; magnetic Bloch functions, whose vortex-lattice structure in reciprocal space determine the integer Hall
conductance carried by a magnetic band [3-61; quasiperiodic functions for the fractional quantum Hall effect
[7]; and quantum-dynamical
eigenstates in a toroidal phase space, whose vortex-lattice
structure in both the
direct and reciprocal spaces determine whether the eigenstate is extended (“chaotic”)
or localized (“regular”)

E&9].
In this paper, quasiperiodic functions are introduced into Fourier optics, and will be referred to in this context
as vortex-lattice wave fields (VLWs). Vortices in wave fields were first studied by Nye and Berry [lo], and
subsequent investigations,
both theoretical and experimental, were, inter alia, carried out for the important case
of random fields [ 1l-171. It is now well established that for a gaussian random wave field adjacent vortices are
of opposite sign (see footnote #l>, leading to strong sign anticorrelations
[14]. For such a field one thus expects
that the average vorticity [sum of the vortex signs (see footnote #l>] per unit area is zero. A natural question is
then how to systematically
define wave fields with n~~lzer~ vorticity per unit area, and what are the basic
properties of these fields.

’ Vortices of a single-valued complex function F(x, y) arc phase singularities located at the zeros of F, with equiphase lines radiating
out from each zero. For a simple (first order) zero, the phase circulates around the zero by 2~ counterclockwise
(vortex sign + 1) or
clockwise (vortex sign - 1). A zero of higher order may be viewed as the coincide&of
n simple vortices , generally of different signs. The
total phase change around such a zero is then 2~n’, where n’ is the sum of the signs, and, of course, In’15 n. Generically, however (see Ref.
[ 1111, the zeros are simple.
0030~4018/97/$17.00
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We show in this paper that the VLWs, characterized by an arbitrary vorticity N per unit cell of the lattice,
provide a natural and most convenient class of such fields, featuring properties qualitatively different from those
of ordinary wave fields. Gaussian random fields may be considered as a very special case of VLWs, if periodic
boundary conditions are imposed in a large “box” (i.e., the unit cell) containing an arbitrarily large number of
randomly distributed vortices with total vorticity N = 0. For general N, we show how to construct nondiffracting VLWs giving exact solutions of the wave equation with pre-determined arbitrary positions of the vortices in
the unit cell. General properties of the phase map of these VLWs are considered.
The representation
of a general, diffracting VLW might not correspond to an exact solution of the wave
equation, but it may still be viewed as the far-field wave function generated, in the framework of Fourier optics,
by some source distribution
‘. A natural question is under which conditions this distribution is also described
by a quasiperiodic function. We show that this is the case only if a special phase factor, depending on the
coordinates and on a single parameter /3, is associated with the VLW. Then, if the vorticity of the VLW is N,
the vorticity N’ of the source distribution is N or -N, depending on p. This remarkable fact appears to be the
first example of a physical property (i.e., the vorticity N’ of the source> which depends on the choice of phase
of a quasiperiodic function. In the interval of p values for which N’ = N, we obtain a general solution to the
problem of self-Fourier [18] VLWs, i.e., VLWs identical (up to a constant factor) to their source distributions.
We also describe how to construct rotationally symmetric VLWs, and we show that these are a special case
( p = 1) of the self-Fourier ones.
VLWs with nonzero vorticity N are basically different in nature from the N = 0 VLWs (e.g., gaussian
random fields). In fact, even a small finite value of N is sufficient to create very rapid oscillations in the phase
of the VLW, the frequency of these oscillations increases linearly with the distance from some unique reference
point. As a consequence, we find that the autocorrelation function of the VLW is usually a 2D comb of Dirac
delta functions, modulated by a decaying envelope function. This is in sharp contrast with the N = 0 case of
random gaussian and periodic wave fields [16].
It is important to remark that while quasiperiodic functions describe extended objects (i.e., the VLWs and the
corresponding source distributions), an experimental realization of these objects may be possible, in principle,
using truncated forms of the quasiperiodic function. As shown by computer experiments, these truncations can
give an excellent approximation of the actual object over a finite area of space.
This paper is organized as follows. In Section 2, we define our basic class of VLWs by their periodicity
conditions, and derive a general expression for them. In Section 3, we show how to construct nondiffracting
VLWs giving exact solutions of the wave equation with pre-determined
arbitrary vortex positions in the unit
cell. General properties of the phase map of these VLWs are considered. In Section 4, we derive expressions for
the source distributions (see footnote #2) generating VLWs in the framework of Fourier optics. By associating
with the VLW a special phase factor, these distributions are also described by quasiperiodic functions whose
vorticity may be the same as that of the VLW or of opposite sign. In Section 5, we obtain a general solution of
the problem of self-Fourier VLWs in terms of Hermite-Gauss
functions. Rotationally symmetric VLWs are
considered in Section 6, and are shown to be a special case of the self-Fourier ones. In Section 7, we obtain a
general expression for the autocorrelation function of a VLW. Conclusions are presented in Section 8.

2. Periodicity conditions and general expression
Our basic class of VLWs will be defined
conditions
&(x+&Y)

for VLWs

as the quasiperiodic

=&T(x,y),

FN( X, y + b) = exp( -2niNx/a)

functions

FN( x, y) satisfying

the periodicity

(1)
F,(

x, y) ,

(2)

’ By “source distribution”
we mean in this paper an initial wave field S at some plane, say Z= 0. The wave field F observed at a
suffkiently large distance L from Z = 0, at the plane Z= L, is then the Fourier transform of the “source distribution”
S, as in relation (12).
The actual optical source (or radiating system) can be assumed to be very close to Z = 0.
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where a and b define the unit cell. Consistency of Eq. (2) with Eq. (1) implies that N must be an integer. It is
easy to see from (1) and (2) that N is the total vorticity in the unit cell. From (1) it follows that when y is
varied from 0 to b, the phase of &,(a, y) does not change relative to that of F,(O, y). Eq. (2) implies, on the
other hand, that when x is decreased from a to 0, the total phase change of FN(x, b) relative to F’(x,O) is
equal to 2rrN. Thus, by going around the unit-cell boundary counterclockwise,
the total phase change is 255-N.
This shows that N is the total vorticity in the unit cell. If the number of positive (negative) vortices (see
footnote #l> per unit cell is N, (N_), one must have N = N, - N_. In Fig. l(a), we present the phase map of
a VLW with one positive vortex per unit cell (N = N+= 1). Fig. l(b) shows the phase map of a VLW with one
positive degenerate vortex of order 2 (see footnote # 1) per unit cell, i.e., N = N, = 2. In both cases, we see that
the density of equiphase lines in the x-direction increases linearly with y, in accord with Eq. (2).
A characteristic feature of quasiperiodic functions with nonzero vorticity N is that the periodicity condition
in one variable exhibits a phase factor depending on the second variable. See, for example, the condition (2) or
the more general conditions (10) and (11) below. In fact, using arguments as in the proof above, it is easy to
show that if the phase factor appearing in the periodicity condition for one variable depends only on that
variable the vorticity N must be zero.
We now derive a general and practical expression for FN( x, y), N # 0. Since FN(x, y) is periodic in x [Eq.
(l)], it can be expanded in a Fourier series with coefficients f,(y),
m integer. Using this expansion in Eq. (2),
we find that f,( y + b) = f, +,,,( y ). By iterating this latter relation forward and backward I times starting from
]N I- 1, it follows that f,( y) =f,( y + rb), where m is uniquely
any of the IN] initial values m=s=O,...,
decomposed as m = rN + s. Thus, for all m, f,( y) can be simply expressed in terms of just the 1N I functions
f,(y).
In turn, these latter functions
can always be written as finite Fourier expansions
f,(y) =
CKlO 1e2Tijs/INl+jj( y + sb/N), for 1N) functions $~~j<
y), j = 0,. . . , IN I - 1. The final expression for FN( X, y) is
then

(3)
It is clear from the derivation that the 1N ] functions +j( y) can be chosen arbitrarily, but we shall usually assume
in what follows that they are square integrable. For example, in Fig. l(a), with N = 1 and a = b = 1, the choice
and a=b=
1, we have chosen ~$~j(y)=
$a( y) = exp(- TTY’) was made. In Fig. l(b), with N=2
cj exp( - 2rry2), where cc, = 1 and ci = \/z - 1. In Section 6, we shall explain why the latter choice gives a
VLW with one positive vortex of order 2 per unit cell. In both Figs. l(a) and l(b), we have used the truncation
IrnlI 8 of the infinite sum in (3). As these figures are indistinguishable
from those produced by larger values of
Irnl (up to Irnl = 40), it is evident that this truncation gives an excellent approximation
of the vortex-lattice
structure in the region displayed. More generally, we find that when the +j( y) are localized within a unit cell,
excellent representations
of even very complicated VLWs over the strip - qb I y I qb (i.e., containing 2 q unit
cells in the y-direction and of unlimited extent in the x-direction) are obtained with Iml = IqN I + n, where n is a
small integer of order 1 - 3. This finding could be expected from the fact that y in (3) appears in the
combination
y/N and any finite truncation of (3) satisfies, of course, the periodicity condition (1) in x.
Expression (3) is similar to that of an eigenstate of phase-space translations in the coherent-state representation [8,9]. In this representation,
the eigenstate is an analytic function assuming precisely ]N ] zeros and total
vorticity N in the unit cell, since the zeros must be vortices of the same sign in this case. Physically, these
eigenstates describe, e.g., quantum dynamics on a torus [8,9] or the broadening and splitting of a Landau level
into ]N] magnetic bands [3-61 by a 2D periodic potential. For IN I = 1, the eigenstates reduce to kq-functions
[2,4,5,9]. Quasiperiodic functions representing magnetic Bloch states were derived recently [6] for the Harper
equation, and were used to introduce generalized
Wannier functions for this equation. In this case, N
corresponds to the integer Hall conductance or the Chem index associated with a magnetic band [3,5,6], and
gives the total vorticity per unit cell of the reciprocal space [3]. However, the vortices generally have different
signs in this space.
An important property of the basic class of VLWs (3) is closure under multiplication,
i.e.,
F,1(x,Y)F,z(x,Y)=F,,+.2(X,Y).

(4)
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immediately

from the periodicity
conditions
(1) and (2). Then, the product VLW
in the form (3). In Appendix A, we show how the functions 4j( y> for
+j( y) corresponding
to FN,(x, y> and FN,( x, y>.
FN,+!2( x, y) can be expressed in terms of the functions
Multiplying VLWs is an important and useful operation, since the set of vortices for the product VLW is simply
the union of the sets of vortices for the factors (see examples in the next section and in Section 6).
Multiplying
F,,,(x, y> by a general nonvanishing
function g(x, y> does not affect, of course, the vortex
structure, and, in particular, N remains invariant. But this multiplication may lead to quasiperiodicity
conditions
that are more complicated than (1) and (2). Thus, F,(x, y> = g(x, y)F,,,(x, y), with FN(x, y> given by (31, may
be considered as the most general expression for a VLW. In the following sections we consider two important
choices of g( X, y) leading to classes of VLWs which are again closed under multiplication [as in relation (411.
FN,+ N,( x, y) can be also expressed

3. Nondiffracting

VLWs

A simple example

of (3) is that of N = 1, with $a( y) chosen as a “coherent

where x0 and y. are arbitrary real constants.
%,,&~

Y> = ~o;x,,y,( YP,[T(

z-

Inserting

state”:

(5) in (3) with N = 1, we immediately

zoV~W43

find that

(6)

where z = x + iy, z. = x0 + iy,, and O,( 21~) is a Theta function [19,20]. It is well known that all the zeros of
the Theta function are simple and form a lattice in the complex z plane [19,20]. The corresponding zeros of (6)
are located at
z,,,=zo+(r-0.5)a+i(s-0.5)b,

for all integers r and s, meaning that there is precisely one zero per unit cell. As the phase of z - z,,, increases
counterclockwise,
all the zeros of (6) are positive vortices. Fig. l(a) illustrates the case of a = b.
More generally, the product of N (> 0) functions of the type (61, FJx, y> = Il~olF,.,.
,(x, y>, for
arbitrary ( xj, yj), has precisely N positive vortices in the unit cell, with pre-determined positions ’ ““j’=zj+(T
z,,,
- 0.5)~ + i(s - 0.5)b, for zj = xj + iyj and all integers r and s. If some zj are equal, higher order (degenerate)
vortices (see footnote #I) occur. For example, the VLW F2(x, y> in Fig. l(b) turns out to be just the square of
the VLW in Fig. I(a) (see Section 6), giving then one positive vortex of order 2 per unit cell. Consider now the
function

where
through

and zj = xj + iyj. Since &(x,
z, it is a solution of the 2D Laplace equation

g(x, y) = ~~o’i14,;,,,~~, r>l-‘,

d2FN
-+
8x2

a$
-=o.
dy2

y> in (7) depends

on x and y only

(8)

Fig. 1. Phase maps of VLWs (91, calculated using only terms with /ml5 8 in the sum, for different values of the parameters. In each case,
the x-axis is scaled to show two periods and the y-axis is scaled to show 3 periods above, and 3 periods below, the centerline, so that each
figure contains 12 complete unit cells of the vortex lattice: (a) N = 1, p = 0, a = b = 1, and &( y) = exp( - rr y*); notice the lattice of
vortices (points around which the phase changes by 2~71, with one vortex per unit cell, and the linear increase in the density of the
equiphase lines along the vertical direction. (b) N = 2, p = 0, a = b = 1, and +j(y) = cj exp( - 27ry*), where cc = 1 and c, = fi - 1; the
vortex-lattice structure is similar to that in (a), but one has here a positive vortex of order 2 (see footnote # 1) per unit cell. (c) N = 2,
p = 0.1, a = 1, b = 0.23, and c#I~(
y) chosen as in (b); this is a self-Fourier VLW (see Section 51, with two positive side by side vortices per
unit cell.
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of (S), the function

a2H
_+-

ax2

a2H
ay2

a2H
+ -=-az2
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H(x, y, Z; t) = F,(x,

y)e i(w’-kZ) is an exact solution

of the

1 a2H
c2

at2

p

where o is the frequency, c is the wave velocity, and k = w/c is the wave vector [lo]. Since the transverse
profile F,(x, y) of the wave is independent of the propagation distance 2, we see that the above choice of
g(x. y) gives a non&j?acting VLW (7) with pre-determined
arbitrary vortex positions in the unit cell. In a
similar fashion, one can construct nondiffracting
VLWs with negative vorticity N, which will be functions of
VLWs F,(x, y) are not bounded
2 * = x - iy. We note that, in contrast to FN(x, y), the nondiffracting
functions of y, in accord with the well known fact that nondiffracting wave fields cannot be square integrable. It
is clear from the definition (7) that the class of VLWs F,(x, y> is closed under multiplication,
like the basic
class of VLWs FJx, y> [see relation (4)].
An important morphological property of F,( x, y) is that its phase map can contain only vortices and phase
saddles, but not phase extrema (maxima or minima). This follows directly from Eq. (8). Writing F,(x, y) =
(Y(x, y)eioCX. y), where (Y is the amplitude and 0 is the phase, inserting this form into (8), and separately
equating to zero real and imaginary parts, one obtains that since CYvanishes only at the vortices, at stationary
points of phase where do/ax = an/ay
= 0, also a20/ax2 + a20/dy2 = 0. This implies, in turn, that the only
stationary points of phase are symmetric saddle points. More generally, by extending the topological arguments
of Ref. [17], one may conclude (in the language of this reference) that bifurcation
loops cannot form in
unbounded phase fields containing a nonzero number of vortices that all have the same sign. As extrema must
be enclosed in a bifurcation loop, the absence of these loops implies the absence of extrema. The phase maps in
Figs. l(a) and l(b), which contain only positive vortices, well illustrate this and other topological constraints. As
may be noted, one of the two orthogonal bifurcation lines that pass through every saddle point is terminated by
adjacent positive vortices. As shown in Ref. [17], the other bifurcation line can therefore be terminated only by
negative vortices. But, as these are absent, this second bifurcation line cannot terminate but must extend to
infinity. Similarly, all other phase contours that start at a positive vortex cannot terminate at another positive
vortex [14], and must also extend to infinity. These constraints lead to the unusual autocorrelation function of
VLWs discussed in Section 7.
When N = 0, conditions (1) and (2) imply that a general VLW FO(x, y) is a truly (strictly) periodic function
of x and y. This function is not given by the expression (3) but rather by a 2D discrete Fourier expansion. In
this case, the only topological constraint on the contents of the unit cell is that the number of saddles must equal
the number of vortices plus the number of extrema. Such VLWs are easily generated. A simple example is given
in Ref. [ 161, which displays a truly periodic square VLW that is the far-field diffraction pattern of four pinholes
arranged at the corners of a square with phases 0, 7r/2, G-, and 3~/2. Truly periodic VLWs with other
symmetries are also easily created using other symmetric arrangements of pinholes with cyclic phases.

4. Source distributions
In the case that FJ x, y> is not an exact solution of the Laplace equation (8) for some g( x, y>, it may still be
possible to interpret it as the (diffracting) far-field wave function generated, in the framework of Fourier optics,
by some source distribution (see_footnote #2). In this case, p.,( x, y> expands uniformly (scales) with increasing
propagation
distance Z, i.e., FN(x, y) = Fh(x/Z,
y/Z) for some function
Fh. In order to preserve the
boundedness of FJx,
y), we shall choose g(x, y) in this case as a phase factor. We restrict ourselves here to
the simple class of phase factors exp[riPNxy/(ab)],
where p is an arbitrary, real parameter, as this form gives
highly unusual, especially interesting properties. We therefore consider the generalized class of VLWs

F,,~( X, y) = exp[riSNv/(ab)l

(9)
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the periodicity

x, Y + 6) = exp[ni(

P -
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F,,p(
2)Nx/al

XTY) T
F,,p(

(10)

x3 y) .

(11)

It is easy to see, using (4) that the class of VLWs (9) is again closed under multiplication.
Fig. l(c) shows the
phase map of a VLW (9) with N = 2, p = 0.1, a = 1, b = 0.23, and $j( y) chosen as in Fig. l(b), namely
+j( y) = cj exp( - 2ry2) with co = 1 and c1 = fi - 1. There are two main differences between.Figs.
l(b) and
l(c). First, as a result of the asymmetric choice a # b, the positive vortex of order (degeneracy) 2 in Fig. l(b)
splits into two ordinary side by side positive vortices per unit cell in Fig. l(c), which, appearances
notwithstanding,
contains only nyo unit cells along the x-axis. Second, unlike the phase map in Fig. l(b), the
phase map in Fig. l(c) is not truly periodic in the x direction, because, although p is small in Eq. (lo), it is not
zero. The special choice of the other parameters in Fig. l(c) corresponds to those for a self-Fourier VLW (see
Section 5).
The source distribution (see footnote #2) generating (9) is given (in a Fourier transforming geometry) by the
Fourier transform

(12)
where the scaled source coordinates LI and
axes, respectively, and the factor ]N ]/(2ab)
first an interesting physical relation between
shift of S,,, ,(u, v) by a vector (u,, v,), i.e.,
transformation of the wave field

v (u +- ku/Z,
is introduced
the VLW (9)
using SN,P(u

v + ku/Z) vary along axes parallel to the x and y
for reasons of later convenience. We shall point out
and its source distribution (12). In general, a uniform
- uO, u - uO) instead of (12) causes a simple phase

(13)
as one can easily show by using the inverted relation (12) (i.e., the VLW as a Fourier transform
distribution). Now, from Eqs. (10) and (11) it follows that
F,,p(

x + ma, y + nb) = ein(P-2)mnNei(uo*+“oy’FN,P(

where m and n are arbitrary
ug = n

r(P-2)N
a

’

integers,
vo=m-

x, y) ,

of the source

(14)

and
@N
b

(15)

.

As we shall see later, for p # 0,2 and N # 0, the source distribution (12) turns out to be also a quasiperiodic
function with periods d and b’ (in the u and v directions, respectively) given by the expressions (20) below. By
comparing these expressions
with (15), and using (13) and (14), we arrive at the following interesting
conclusion: shifting the source distribution by its lattice vector a’ (b’) causes a shift of the corresponding VLW
by its lattice vector + b (+a>, which is perpendicular
to d (b’); here f is the sign of ( /3 - 2)N ( PN). For a
shift by a general lattice vector (nd, mb’), the corresponding shift of the VLW is accompanied by multiplication
by the phase factor e i?r(2-p)mnN [%ee (14)], which is identically 1 only if (2 - p )N is an even integer.
We now derive explicit expressions for the source distribution (12). Let us consider first the special cases
p = 0,2. Using (9) in (12) we find in these cases
INI- 1

SN,o(u,u) =

c

xj( v)

5

j=O

m=-m

j=O

m=-a

(16)

where
xj(

v) =

n-IN1 =

T/_mdye-‘UY

c$j( y),

c,kj(U) =

k’N$‘e2Tiis’N
4j
s

0

(17)
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Expressions (16) describe a linear array of equidistant point sources in one direction of space. In the second
direction, the source has finite,width
localization determined by the functions (17). The point sources are
modulated by phase factors depending on the second direction of space. In practice, finite truncations of the
sums in (16) and discrete approximations
to localized xi(v) [or rCr,(u>lusually give good approximations,
by
inverse Fourier transform, to the actual VLW over a finite region of space. Here too, lllzl = 1qNI + n, where II is
a small integer of order 1 - 3, generally yields an excellent approximation
to the VLW over the strip
- qb I y I qb (i.e., containing 2q unit cells in the y-direction and of unlimited extent in the x-direction). Such
finite approximations
to the source distributions (16) should not be too difficult to realize experimentally.
We now consider general values of p # 0,2 in (12). After an exhaustive analysis of all the different cases
corresponding to p < 0, 0 < p < 2, and p > 2, for both N > 0 and N < 0 (see Appendix B), we arrive at the
following general expression:
IN’I-

S,,,(U,U)

=exp[ri@N’uu/(db’)]

c
j=O

where the. primed quantities

are associated

I

mb’

m

c

exp

m=-02

with the source distribution

7
and are related to the VLW parameters

by
N’=Nsgn[
d=

P(2-P)],

74(2 - P)Nt
a
1

‘i”’

=

I(2 - /3)bl

(19)
,

b’=-

rl PM
b

’

(20)

IN’I- 1

C e-2mijr/N’/m dyexp
s=o
--m

(21)

We thus see that also the source distribution is described by a quasiperiodic function (18) having precisely the
same form of the VLW (9) but with parameters defined by (19)~(21). Close inspection of the (rather tedious)
derivation of (18) (see Appendix B) reveals that this striking result is a direct consequence of our special choice
of the phase factor in (9). For any other choice of nontrivial phase factor [i.e., a nonconstant phase factor
different from the one appearing in (131, which causes just a shift of ,S,,a(u, v>], the source distribution is no
longer a quasiperiodic function.
A remarkable fact following from (19) is that for p < 0 and for p > 2 the vorticity N’ of the source is
opposite to that of the VLW. This appears to be the first example known of a physically measurable property
of a quasiperiodic function.
(i.e., the sign of N’) d epending on the choice of phase (“gauge”)

5. Self-Fourier

VLWs

We now consider the problem of self-Fourier VLWs, i.e., under which conditions the function (18) for the
source distribution will be identical, up to a constant (possibly complex) multiplicative factor, to the function (9)
for the VLW. The first condition is, obviously, that the vorticities are the same, N’ = N. It follows from (19)
that this is the case only if 0 < /3 < 2. Next, in order to compare the two functions, we have to use the ordinary
(non-scaled) coordinates on the source (see footnote #2) given by
ii=Eu,

Z=Ev;

E=;,

(22)

where h is the optical wavelength and L is the distance from the source to the distant screen of observation (at
Z = L). By requiring the non-scaled periods a = Ed and % = Eb’, with a’ and b’ given by (201, to be equal to a
and b, respectively, we find that
a= [ET(~-~)INI]‘/~,

b=[~rpl~l]~/~,

(23)
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the condition

a2

2-P

b2

p’

-=

(24

The main condition
&,&,u)

for self-Fourier

VLWs is now

=AF,,&=Eu,y=Ev),

(25)

where A is some constant to be determined [see (32) below]. Let us define ej(t) = +j( y = at/ m),
is a dimensionless
variable. Using then (9), (18), (21), (23), and (24) in (25), we obtain the following
for Gj(t>:

where t
relation

dt’exp(-2ritt’)QS(t’).
We now derive a general solution

Q(t) =G,(t)

=

of Eq. (26) for A and Gj(t)

in terms of the Hermite-Gauss

j$+-p(-rf’)
H,(@t),

(27)

Z= 0, l,.... The functions

where HI is the Ith Hermite polynomial,
and are also self-Fourier functions [ 181:

(27) form a complete

and orthonormal

= i’lm dl’ exp( - 27ritt’) G,( t’) .
-cc

G,(t)
Expanding

Qj(t> in (26) in the complete

set (271,
(29

and using (28) and the orthonormality
coefficients cj /:

__.&iNg’e-2rijs/N
y,cj,,
c,

set,

(28)

@j( t) = 2 Cj,lG/( t) 3
I=0

s

functions

1

=

of (271, we obtain

,

the following

set of equations

for the expansion

(30)

0

where
PaA
Ti’.

y,=

(31)

Eq. (30) is the eigenvalue
problem
for the INI x IiV( unitary
matrix
U with elements
CJj,S=
exp( - 2~ ijs/N >/ m,
j, s = 0, . . . , IN I - 1. It is easy to show that lJ4 = 1, so that the eigenvalues y of U
can assume only the values + 1, + i. We find explicitly,
for example, that y = + 1 for N = 2, while
y = f 1, - i for N = 3. In the N = 2 case, the eigenvector components are given by c0 = 1 and c, = + fi - 1
for y = k 1, respectively. In the N = 3 case, co = 1 and c, = c, = (+ fi - I)/2 for y = _+1, respectively,
while co = 0 and c2 = - c, for y = - i. In general, since y = + 1, + i, Eq. (31) implies that A can assume only
the following four values:
b
A

=

-

Pa

jlo,

Z,=O,1,2,3.

(32)

For a given value of A (i.e., I,) in (321, the eigenvalue problem (30) is solved with y, = il+to to determine the
corresponding
coefficients cj,,. If the eigenvalue y = yI does not exist, cj,, = 0. We expect, however, that for
INI > 4 all four possible eigenvalues
yI will generally
appear, and degeneracies
will then occur. The
coefficients cj,! are arbitrary, of course, up to a multiplicative factor, and in the case of a degeneracy they can be
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chosen as an arbitrary vector in the subspace spanned by the degenerate eigenvectors. In this way, we obtain the
most general solution (29) of the self-Fourier problem (26) for each of the four possible values (32) of A.
An important property of QjPj(t>is the symmetry relation
@j(

-t)

=

I!I

@pINI-j(

l)

3

(33)

which is easily derived by iterating Eq. (26) twice and using (32). Eq. (33) implies that @c(t) [ = G,,,(t)] must
have well-defined parity.
Figs. l(c), 2(a), and 2(b) show examples of phase maps of self-Fourier
VLWs for N = 2, yI = 1
[A = i-lb/( pa) from (3111, and “pure” cases of Gj(t), i.e., Gj(t> = cjGl(t), j = 0,l. The coefficients cj,
solutions of the eigenvalue problem (30) for N= 2 and yI = 1, are given by ca = 1 and c, = fi - 1. Fig. l(c)
shows the case of 2 = 0, with p = 0.1, a = 1, and b = 0.23. These values of p, a, and b satisfy the condition
(24). Fig. 2(a) shows the case of I = 0, p = 1, and a = b = 1, values obviously satisfying (24). As in Fig. l(b),
one has again here one positive vortex of order 2 per unit cell. In fact, Fig. l(b) differs from Fig. 2(a) only in the
value of p [ p = 0 in Fig. l(b)], which does not affect the vortex structure. The origin of the vortex of order 2 in
Figs. l(b) and 2(a) will be explained in the next section. Fig. 2(b) shows the case of Z= 1, p = 1, and
a = b = 1. Here one has, in each unit cell, one negative vortex at the center of the cell and positive vortices at
the corners and the middle of the edges, so that N = - 1 + 4(1/4) + 4(1/2) = 2. Figs. 2(a) and 2(b) are
examples of rotationally symmetric VLWs which will be considered in the next section.

6. Rotationally

symmetric

VLWs

We now develop rotationally symmetric VLWs and show that these are a special case of the self-Fourier
ones. Related rotationally symmetric Wannier functions have recently been obtained by Wilkinson [6] for the
problem of Bloch electrons in a magnetic field. Very recently [21], a simple rotationally symmetric VLW has
been realized experimentally.
Symmetry of (9) under a r/2-rotation
(C,) [22], for example, means that
C&&%Y)

=&,p(Y*

-x)

=PTv&Y)~

where p = + 1, + i are the four irreducible
relation (B.2) in Appendix B, we then find

(34)

representations

[22] of C,. Using

(341, (91, and the “duality”

(35)
where

dfexp ( 2n~w’)+s(y’).
Clearly, Eq. (35) with (9) can be satisfied identically
Using (36), the latter relation can be written

Gj( t) =

.&

IN!’ e-2rijs/N/m
s 0

-cc

(36)

only if /3 = 1, a = b (square lattice), and P+~( y) = 4;(y).

dt’exp[2risgn(N)tt’]@,(t’),

(37)

where Gj(t) is defined as above. Now, for N < 0, Eq. (37) coincides with (26) provided weidentify
,!Lwith A.
For N = No > 0, on the other hand, Eq. (37) is equivalent to (26) with N = -No and A = l/p. It is thus clear

Fig. 2. Plots (a) and (b>: phase maps of C,-rotationally-symmetric
(and self-Fourier) VLWs [ p = 1 and a = b = 1 in (911, for “pure” cases
of +j( y) = 3(t) = cj.,G,(t), where the coefftcients cj,, satisfy the eigenvalue equations (30) with y, = 1, and G,(t) is a Hermite-Gauss
function (27). In (a), N = 2 and I= 0, and one has a single positive vortex of order 2 per unit cell as in Fig. l(b). In (b), N = 2 and 1 = 1.
Plot (c) shows the phase map of the C,-rotationally-symmetric
VLW F&x, y) in (401, with N = - 1 and transforming according to the
identity representation of C, [see (4311. The edge of each hexagon has length 2/3, in consistency with the basic lattice vectors of periodicity
for this VLW [see (41) and (4211. Notice in all the plots the lattice of vortices and the linear increase in the density of the equiphase lines in
the radial direction.
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Table 1
N=l
Y

1

C

I

0

1
1

1
2

-1
+2

1
1
1
1
1

3
4
5
6
7

+1

C-tV

V

V+M

M

M-+C

I

fl

-1
-2
+1

1
3
3
5
9
11
7
9

+1
-1
-1
+1

-1
+2

-1

-1

+2
+1

+1
-1
+1

# vortices / cell

fl
+1

how rotationally symmetric VLWs can be put into a one-to-one correspondence with the self-Fourier ones in the
special case of /3 = 1.
Some exan$es
of interesting phase maps exhibited by rotationally symmetric VLWs for N = 2 are shown in
Figs. 2(a) and 2(b) ( see details at the end of previous section). In Tables 1, 2, and 3, we provide information
about the vortex structure in one unit cell of rotationally symmetric VLWs for N = 1, N = 2, and N = 3 in the
“pure” cases of @$t) = c,G,(t), where cj, j= 0,. . . , N - 1, is a solution of the problem (30) with eigenvalue
y, = y, and only the first 8 Hermite-Gauss functions G,(t), I = 0,. . . , 7, are displayed. Because of the inversion
symmetry of the functions G,(r) = (- l)‘G,(- t>, the vortex locations turn out to be symmetrically positioned
around the two diagonals of the unit cell. Together with the rotational symmetry of the VLW, this implies that it
is sufficient to consider only l/8 of the unit cell. This region is a triangle with sides C -+ V (connecting the
center C of the unit cell with one comer V), V + M (connecting V with the center M of one side of the unit
cell), and M -+ C (connecting
M with C>, and an interior I. The vortices and their signs on C, V, M, C -+ V,
V + M, M + C, and in I are listed in Tables 1, 2, and 3, for all possible values of y and for 1 = 0,. . . ,7. The
total number N, of vortices in the unit cell, which in some cases reaches 35 (!>, is also listed. As the vortices in
I are never located at symmetry points, N,, is calculated, in obvious notation, as
N, = [C] + 4[C +v]+[v]+4[v

+M]+2[M]+4[M+C]+8[1],

(38)

where here [C + V], for example, is the total number of vortices on C + V, irregardless of sign but including
degeneracy. The vorticity N is also calculated as in (38), where now [C + VI, for example, denotes the net
vorticity on C + V. As may be noted, except for the obvious fact that N and N, are either both odd or both

Table 2
N=2
Y

1

C

1

0

-

1
1
1
1
1
1

1
2
3
4
5
6
7

-1
+2
+1
-1
+2
fl

-1
-1
-1
-1
-1
-1
-1
-1

0
1
2
3
4
5
6
7

+2
fl
-1
+2
+1
-1

1

V

c+v

V+M

M

M-C

I

# vortices

+1

2
4
10
8
10
12
18
28

+1

2
4
10
8
10
12
18
28

+2
+1

+1
+1

-1
+1
+1
-1
-1,
+1,

-1
+2
+1
+1
-1

-1
+1
fl
-1
+1, -1
-1, +1

-1

-1
-1
+1
-1
-1

fl

fl
+t
-1

+1

-1
+2
fl

+1
-1
-1

-1
+2
+1

+1
+1
-1

+1
+1

-1
-1

/ cell
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Table 3
N=3
Y

I

C

1
1
1
1
1
1
1
1

0
1
2
3
4
5
6
7

-1
f2
+1
-1
+2
fl

-1
+1, -1
+1, +1
-1
-1, -1
fl,-1,+1

-1
-1
-1
-1
-1
-1
-1
-1

0
1
2
3
4
5
6
7

+2
+1
-1
-2
+1
-1

fl
fl
-1
+1
+1
-1, +1, -1
+1, +1

-i
-i
-i
-i
-i
-i
-i
-i

0

fl

1

-

2
3
4
5
6
7

-1
f2
+1
-1
-2

C-+V

V
+3
+2
+1
-1
+2
+1
-

V+M

M

M-tC

I

# vortices / cell

+1
+1
-1

3
5
11
19
13
25
27
35

+1, -1
-1

3
7
13
13
15
35
29
29

+1
+1
fl
-1
-1
+1, -1
+1

+1

-1

-1

+1

+1

+1, -1

+1
-1
-1
i-2
+1
-1
-2

+1
+1
-1
-1, fl
+1, fl
+1

+1
-1

-1
+1
+1
-1
-1,+1
+1

fl
-1
+2
+1

+1
+1
-1,
-1,
fl,
fl,

+1
+1
-1
+1

+1
-1

+1
-1
fl

-1
-1
f2
+1

+1
-1
-1,

fl,
+1
+1

+1
-1
-1

-1
+1

3
5
13
11
15
29
29
23

even, there appears to be no simple relationship between the total vorticity N, the index I [number of zeros of
G,(t)], and the total number of vortices per unit cell N, [number of zeros of F,,,(x, y> in one unit cell].
Consider
two rotationally symmetric VLWs characterized by the same lattice constant a = b, vorticities N,
and N2, and transforming according to the irreducible representations
[22] p, and pZ of C,. We denote these
VLWs, in a natural way, by F,,,+{x, y> and FN,,,,(x,y). Then, clearly, the product
FN,,pI(

x,

y) FNp,&’

Y) = F~,+N~~~~PL2(
x’ ‘)

(39)

is also a rotationally symmetric VLW characterized by a vorticity N, + N, and transforming according to the
irreducible representation
p, pZ of C,. Moreover, the set of vortices for this VLW is simply the union of the
sets of vortices for F N,,pLI(~,y) and FN,,p,(x,y). This fact and relation (39) can be used to construct in a simple
way rotationally symmetric VLWs with known locations and signs of their vortices, starting from a basic class
of “pure” rotationally symmetric VLWs, e.g., those listed in Tables 1, 2, and 3. In general, the product of two
pure VLWs is not pure, i.e., it corresponds to a nontrivial linear combination (29). In some cases, however, this
product is also pure. For example, the square of the VLW associated with y = 1 and I= 0 in Table 1 must be a
VLW characterized by a vorticity N = 2, irreducible representation
F = 1 of C,, and possessing only one
positive vortex of order 2 at the comer V of the unit cell. By inspection, it is natural to identify this VLW with
the one associated with y = 1 and 1 = 0 in Table 2. We show in Appendix A that this identification is indeed
correct. This explains the occurrence of a positive (doubly degenerate) vortex of order 2 in Figs. l(b) and 2(a)
(see discussion at the end of previous section). We also show in Appendix A that the pure VLW associated with
y = 1 and I = 1 in Table 2 [see its phase map in Fig. 2(b)] is the product of the VLWs associated with
(~=l,E=O)and(y=l,Z=l)inTable
1.
The results in this paper can be generalized
to lattices with arbitrary unit-cell geometry (a general
parallelogram) [23], as in the case of quasiperiodic functions describing the order parameter in superconductivity
near the upper critical field (“Abrikosov
lattice”) [ll. One can then obtain expressions for VLWs with
triangular (C,) or hexagonal (C,) symmetry [22]. The derivation of these expressions is rather tedious and is
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outside the scope of this paper. It will be presented in detail elsewhere [23] (related Wannier functions with
hexagonal symmetry have recently been derived by Kay [24] for the problem of Bloch electrons in a magnetic
field). For the sake of comparison with the C,-symmetry case, we give here only the final explicit result for a
class of VLWs with hexagonal rotational symmetry and vorticity N = - 1 per unit cell:

where G,(t) are the Hermite-Gauss functions (27), and basic lattice vectors defining the unit cell of periodicity
are a=(2/6,0)
and b=(l/fi,l)
(’m x - y components). The functions (40) satisfy the periodicity
conditions
F,(x+2/J?;,y)=exp[i~(l-y)]F,(x,~),
F,(

x +

l/G,

(41)

y + 1) = exp[ im(3fix

- y)/2] F,( x, y) ,

(44

and transform according to the irreducible representations [22] of C,:
C6FI( x, Y) = e2~i(~-1)/6FJ(x,y)v

(43)

Relation (43) implies that, in contrast with the C,-symmetry case, the identity representation is not associated
with 1 = 0 but rather with 1= 6 r + 1, for all integers 1. Fig. 2(c) shows the interesting phase map of F,( X, y),
whose hexagonal unit cell contains six positive vortices at the vertices of the hexagon and six negative vortices
centered on the edges. As each positive vortex is shared by three unit cells and each negative vortex is shared by
only two, the net vorticity of the cell is N = - 1.

7. Autocorrelation

function of VLWs

As shown in Figs. 1 and 2, the phase of VLWs exhibits rapid oscillations whose frequency increases with the
distance from some reference point 0 (the origin), which may, however, be shifted by an arbitrary lattice vector
using a simple phase transformation [see (14)]. Consider now a large circle of radius R centered at 0. The total
vorticity within this circle is nR2N/(ab),
so that the average phase variation per unit length (i.e., the
frequency) along the circumference is rNR/( ab). Thus, the frequency increases linearly with the distance from
0 for all N # 0. This extremely rapid phase variation manifests itself in a peculiar form of the autocorrelation
function of VLWs for N # 0, which we now derive.
The autocorrelation function for the generalized VLW (9) is defined by
(44)

C,,p(d)=~~~~dx/_~~dYFE;LI(X7Y)Fh,P(X+d~~Y+dy),

where d = (d,, d,), and we assume for the moment that p # 0,2. Inserting (9) in (44), we obtain, after
straightforward but tedious calculation,
c

(d) = 4ab exp[N*iP(‘L
N-6

INP(2-

- P)d,d,/(4ab)]
P)t

Lvkl
C mj,j-,

[ Pd,J2,

(2 - P ) dy/2]

j,_ii=
0

(45)

wj,i(d)=i/:

dYexp[2?rNid,y/(ab)]~j(Y+d,/2)~,~(Y-d,/2),
co

(6)
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and

WI
We see from Eq. (45) that the autocorrelation
function is essentially a two-dimensional
comb of Dirac delta
functions modulated by the envelope function (46). Since the functions +jic y> in (47) are square integrable, it is
clear that the function (46) generally decays as d is increased (see example below). The density of the Dirac
comb in both directions of space increases linearly as 1N I is increased. As the amplitude of FN,p(x, y) is a
smooth, strictly periodic function, these results are a direct consequence of the rapid phase oscillations, whose
frequencies, as shown above, are proportional to IN I. For N = 0, e.g., for gaussian and for strictly periodic wave
fields, the autocorrelation
function is a smooth function of d, and d,, due to the absence of the rapid phase
oscillations [ 161.
The finite width of the envelope function (461, which permits CN,p (d) to partially recover after its initial fall
to zero, implies that over some finite fraction of the phase field the pattern of contour lines must exhibit
short-range translational ordering. As is evident from Fig. 2, near the origin the phase pattern changes rapidly
from one unit cell to the next, and there is no translational ordering. This is a consequence of the fact that the set
of new 0 - 2rr contours generated by each additional vortex must recede to infinity. Accordingly, the spacing
A between the contour lines passing through a unit cell decreases with increasing distance from the origin as
A(NJ - a/N,, where N, is the number of unit cells along the line of sight to the origin and, for simplicity, we
assume a N b. For small N,, A changes rapidly from one unit cell to the next, and so does the phase pattern.
But far from the origin, where N, is large, A(N,) - A(N, + 1) N a/Nc2, and the phase pattern begins to exhibit
short-range translational ordering. This striking, possibly unexpected result, is confirmed by direct inspection of
the phase map. Indeed, already for N, N 10 it becomes quite difficult to visually differentiate between the phase
patterns of adjacent unit cells.
In the case of strictly periodic wave fields (N = O), the integration in (44) may be restricted to one unit cell.
This enables one to define properly the autocorrelation
function in the special cases of p = 0,2, where the
expression (45) is not defined. In the case p = 0, the VLW (9) is strictly periodic in the x-direction, so that the
integration over x in (44) can be restricted to the interval [O, a]. For /3 = 2, (9) is strictly periodic in the
y-direction,
and the integration
over y can be restricted to [O, b]. We then obtain, after a straightforward
calculation,

(49)
where

(50)
and the function +J:.<x) is defined by (36). The derivation of (49) is quite similar to that of (48) after making use
of the “duality”
relation (B.2) in Appendix B. Notice that when the self-Fourier relation (26) [or (3711 is
satisfied, the function (49) is essentially identical, or at least very closely related to (48) after exchanging
d,
with d,. In contrast with (451, and as one could anticipate, the autocorrelation
functions (48) and (49) exhibit
only a one-dimensional
Dirac comb in the direction where the VLW is strictly periodic. In fact, the most rapid
phase oscillations occur precisely in this direction [see Figs. l(a) and l(b)]. In the perpendicular direction, the
autocorrelation functions usually decay smoothly as specified by the functions (50).
An interesting case of (45) is that corresponding to
4j( Y> = cj+( Y> 9

(51)
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where the coefficients cj, j = 0,. . . , INI - 1, satisfy the eigenvalue equations (30), and c$( y) is some function.
a ) , w h ere G,(t) is a Hermite-Gauss function (27), corresponds to a
For example, the choice 4(y) = G,(my/
self-Fourier VLW (see Sections 5 and 6). Assuming, for definiteness, that N < 0, and using (51) and (30) in
(47) the expression (46) reduces in this case to
4abexp[
CN,BW

NgiP(2

INI- 1

- P)d,d,/(4ab)]
w[Pdx/2,(2-P)dy/2]

=
tW(2-P)l

INI-

m

xc

e-z~ij~,,~,S[d,+~(~+F)]fi[d~+~(r’+~)].

c
j”=O

r,T’=

C
CjCj*-J
j,f=O

(52)

--CC

where

W(d) =

k/I dyexp[2~Nid,y/(ab)]cp(~+d,/2)~*(~-d,/2).
cc

The function (53) may
function is always real,
quantum mechanics. In
For example, if 4(y)
find, for a = b,

(53)

be recognized as the Wigner distribution 1251 for (6(y). It is well known E251 that this
but it can assume negative values, in contrast with the usual probability distribution in
any case, for a square-integrable
function 4(y), W(d) usually decays as d is increased.
is chosen as the “ground-state”
Hermite-Gauss
function GO(my/a)
[see (27)], we

-_

.

(54)

8. Conclusions
This paper introduces the concept of quasiperiodic functions in Fourier optics by a rather general approach.
As these functions feature a lattice of vortices, they are referred to as vortex-lattice wave fields (VLWs). The
VLWs are interesting not only as a new kind of wave field displaying rather unusual properties, but also as a
natural and convenient tool for the systematic construction of random wave fields characterized by a nonzero
average vorticity per unit area (unlike the usual gaussian random fields [13-161). These fields may be
constructed as VLWs with a large number N, (N_ ) of positive (negative) vortices randomly distributed in the
periodicity “box” (i.e., the “large” unit cell defining the system), such that N = N+- N_ # 0. While similar
fields can also be constructed using networks of vortices described by finite product wave functions [13], the
use of quasiperiodic functions expressed as infinite sums [see (3) and (913 may turn out to be more convenient
for many practical purposes, as shown by the calculations performed in this paper. Finite truncations of these
sums will usually give good approximations of the VLW or the corresponding source distribution (see footnote
#2), as shown by the computer experiments in Figs. 1 and 2, and may be used for a future experimental
realization of this new kind of wave field. These experiments might conveniently be based on suitable extension
of the method of computer-generated
holograms
described recently [26]. Very recently [21], a simple
rotationally symmetric VLW has been realized experimentally.
We have shown how to construct nondiffracting VLWs (“dark solitons”) giving exact solutions of the wave
equation with pre-determined
arbitrary vortex positions in the unit cell. In the general case that the VLW does
not correspond to an exact solution of the wave equation, it may be viewed as the far-field wave function
generated by some source distribution (see footnote #2) in the framework of Fourier optics. We have shown
that the source distribution
is also described by a quasiperiodic
function only if a special phase factor,
depending on the coordinates and on one parameter p. is associated with the VLW. We then obtain interesting
relations between the source distribution and the VLW generated by it. In particular, if the vorticity of the VLW
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is N, the vorticity of the source is N for 0 < p < 2 and -N for /3 < 0 and p > 2. As far as we are aware, this
seems to be the first example of a physical property (i.e., the vorticity of the source) depending on the choice of
phase of a quasiperiodic function.
The general problem of self-Fourier VLWs for 0 < p < 2 has been solved in terms of Hermite-Gauss-function expansions. Tables 1, 2, and 3 list the vortex structures of these fields for N = 1 - 3 and the first 8
Hermite-Gauss functions. Rotationally symmetric VLWs, which exist only for /3 = 1, are shown to be a
specially interesting case of the self-Fourier VLWs, and may prove useful as basis sets for symmetric
boundary-value problems.
We have shown that the autocorrelation function of a VLW is generally a 2D comb of Dirac delta functions
modulated by a decaying finite-width envelope function. The density of the comb in both directions of space is
proportional to the vorticity N, while the finite width of the envelope reflects the possibly surprising fact that
sufficiently far from the origin the phase-field pattern exhibits asymptotic short-range translational ordering.
This general form of the autocorrelation function for N # 0 is basically different from the smooth one in the
case of gaussian random or strictly periodic (N = 0) wave fields [16]. It is a direct consequence of the rapid
phase oscillations of the VLW, whose frequency is proportional to N and to the distance from some reference
point (see Figs. 1 and 2).
Because of the topological stability of vortices, optical fields containing these objects appear to be attractive
for various applications, including optical communications. The VLWs introduced here may prove of use in
expanding the possible range of such applications.
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Appendix

A. Multiplying

VLWs

We show here how the product (4) of two general VLWs (3) can be written again in the basic form (31, and
illustrate this by some examples. Consider two arbitrary VLWs (31, for N = N,, N2,

(A-1)
For simplicity, we shall assume that both Nr and N, are positive. All other cases (with N, + N, # 0) can be
treated in a similar fashion. With this assumption, the product of the two VLWs in (A.11 can be written, at a
first stage, as follows:

F&G Y>F&~

Y)

=

]exp[i-im(

$

- $-)I

(A-2)
Expressing +j’*2)(y) as Fourier integrals,

(A3
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defining 2 as the maximum common multiple of N, and Nz (i.e., 3 = n,N, = n2 N2 for “minimal”
integers 12,
and n,), and decomposing m in (A.21 in a unique way as m = I% + s (s = 0,. . . , i - I), relation (A.21 can be
written as follows:

FNi(xvY>F~~(-G Y> =

(A-4)
The last sum (over r> in (A.41 is equal to (2~/b)Cy=
_,a( lzrv - nzv’ + 2rrr/b), which reduces the double
integral in (A.41 to a single one over v. Changing then variables to is = ~(1 + ~,/Tz~) + 27r r/c n2 b), we obtain
the final expression

&,(x2 Y>F&G

Y> = FN,+N,(X,

y> =

where
2rN, N,
(N,+N,)b

‘h’)=

x p

and A(r)
with the
with the
As an

P/,-l

N,-1

jFo

j2Fo rc~wA[(‘l+J,+rN’-

N,bv - 2r(
JI

m

j,N,
(4

- j,N,

+ rN,N,)

+Ndb

j mod( Ni +N,)]
)

1$92)
[

/r

dveiUY
--cc

N2bv+2rr(jlN2-j2Nl+rNIN2)

12

(4

+Wb

I

(A-6)

= S,,, is the Kronecker function. Relation (A.51 for the product has precisely the standard form (3)
value of N = N, + Nz expected from (4). Relation (A.6) connects the functions 4j( y> for the product
corresponding functions for the factors.
example, consider the simple case of N, = N2 = 1 with u = b. In this case, (A.61 reduces to

dve”y~$,‘)[~
- c(2r+j)]tpi2)[: + t(zr+j)],

(A-7)

forj=O,l.Ifwenowuse

(A-8)
as in (5), the Fourier transforms 40(‘,2)(v> can be easily found by inverting
(A.7) that, up to a constant factor,

where [E = (x,

cj=exp

+x,)/2,

Eq. (A.3), and we then obtain from

ofmass” of (xi, yl> and (~2, YZ), and
O,[z-(
2,- z2
- ju)/(ia)l2i]
.

(‘4.9)

L = ( y1 + y,)/21 is the “center

Here z~,~ = x1,2 + i~,,~ and O,( 217) is a Theta function

[19,20].

(A.lO)
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The result (A.9) with (A.lO) can be used to understand the origin of the positive vortex of order 2 in Figs.
l(b) and 2(a). To this end, we further specialize to the case of z, = z2. Using formula 16.30.3 in Ref. [20] (page
577),
(A.ll)
where 4 = eirT, we find in this case from (A.lO) that
Cl

n-_ g

-=exp
[ -2
CO

(-y

: ;:I:_:

n=l

I

=ti-1,

(A.12)

where the second equality in (A-12) has been established by a very accurate numerical calculation of the infinite
sum (we did not attempt to prove this equality analytically). It is then clear that the N = 2 VLW with c#I~(
y)
specified by (A.9) (z, = z2 = 0 and a = 1) and (A.12) is precisely the one in Fig. l(b). But the derivation above
of (A.9) shows that this VLW is the square of the N = 1 VLW with 4,,(y) given by (A.8) (zi = z2 = 0). The
latter VLW, corresponding to the first row in Table 1, has precisely one vortex per unit cell (see Section 3). Its
square will then feature one vortex of order 2 per unit cell, as shown in Fig. l(b) [and also in Fig. 2(a), which
differs from Fig. l(b) only by a phase factor].
If #j(y)
is chosen as in (A.8) with xi = y, = 0, but c#@(y) = G,( y/ a ), wh ere G,(t) is the Hermite-Gauss
function (27), one easily finds that (A.9) is replaced by +j(y) = cjG,(fiy/
a ) , with cj satisfying again relation
(A.12). This means the N = 2 VLW of Fig. 2(b) (i.e., the pure VLW with y = 1 and I = 1 in Table 2) is
precisely the product of the N = 1 VLWs corresponding to the first two rows in Table 1.

Appendix B. Fourier transform

of VLWs and duality

A first expression for the source distribution (12) generating the VLW (9) can be obtained by performing
straightforwardly the Fourier transform in (12). Using (9) in (12), we find that

X

Ia-cc dx

exp[ i”( 2rm/a

+ rpNy/(

ab) - U]

6[2rm/u+@Ny/(ub)

-u]

Being similar in structure to (9), the last expression in (B.l) is also a quasiperiodic function. It is easy to see that
this is a direct consequence of the special choice of the phase factor in (9). Phase factors containing powers of x
and/or y different from 0,l would lead to expressions for S, a (u, u) having a structure basically different from
that of (9). However, the similarity between (B.l) and (9) is still not perfect, since the coordinates u and u vary
in directions parallel to x and y, respectively, but appear in terms of (B-1) corresponding to those of y and x in
(9).
A remedy for this problem can be achieved by using the following “duality” relation for quasiperiodic
functions having the general form (3):
exp[2~iNxy/(ab)]F,(x,y)

=&(

Y, -x),

(B.2)
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where
(B.3)

To prove relation (B.2), we notice first that the left-hand side of (B.2) is strictly periodic in y [this follows from
the periodicity condition (211. We then have the Fourier expansion
exp[2rriNxy/(
Using the expression

ab)] FN( X, y) =

(3), a careful but simple calculation

E1( CC)= iLbdyexp[2r@(Nx-

=

2
Z!;“I(x) exp(2z-iZy/b) .
[= --co

‘Ydi(

la)/(ab)]F,(

--x + g

s=o

of the Fourier coefficients

(B.5)
Z1,(x> in (B.5) gives

x, Y)

)exp(2risZ/lNl),

(B.6)

where the last expression
in (B.6) was obtained by decomposing
m in a unique way as m = rN + s
(s=O,...,
INI - 1) and using the definition (B.4) of &j(y>. Inserting this last expression of Z&x> back into
CBS), one finally gets relation (B.2) with (B.3).
Relation (B.2) may now be used to “exchange”
u and u in the last expression in (B.11, so as to obtain the
best possible similarity between this expression and the VLW (9). To this end, we shall have to distinguish six
different cases corresponding
to p < 0, 0 < p < 2, and p > 2, for both N > 0 and N < 0. We shall consider
here only the two representative cases of 0 < /3 < 2 and p < 0 for N > 0. The other four cases can be treated in
a similar fashion. For 0 < p < 2 and N > 0, the positive quantities (20) are given by d = 7r(2 - P>N/a and
b’ = ajiN/b. In terms of these quantities, Eq. (B.l) (with the last expression) can be written as follows:
exp[-2rriNuv/(u’b’)]

c
f
yId,=_.ex

= p exp[ - z-ipNuv/(

db’)]

p [T(‘+g)]+j[-G(-‘+S,]
2rrim
SN,@( u, 0).

We now identify the left-hand sides of (B.7) and (B.2) using the correspondence:
b’ + a. The desired “dual” form of S,,, ,(u, v> on the right-hand side of (B.7) is then
function gN( y, -X> in (B.2). Using (B.3) with (B.41, one then immediately obtains
(21) and N’ = N, in accord with relation (19) in this case.
For p < 0 and N > 0, the quantities (20) are given by d = ~(2 - PIN/a
and b’ =
(with the last expression) can then be written as follows:

= I pl exp[riPNuu/(u’b’)]

SN,p(u,u).

(B-7)
u + X, -u + y, d + b,
simply proportional to the
the expression (18) with
- @N/b,

and Eq. (B.1)

(B-8)
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The

expression at the left of the last equality in (B.8) is now identified with the left-hand side of relation (B.2)
as follows: u + X, u + y, d + b, b’ + a. A careful application of (B.2) with (B.3) and (B.4) to this expression
yields then again formula (18) with (211, but now N’ = -N, in accord with relation (19) in this case.
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