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Abstract. This paper is a brief review of a new approach to the quantum-chaotic ratchet
effect, introduced recently to address for the first time the sensitivity of the effect to the initial
state in a global fashion. This is done by studying statistical properties of the ratchet current
over well-defined sets of initial states. First results concern the semiclassical full-chaos regime,
where the current is strongly sensitive to the initial state. Natural initial states in this regime
are those that are phase-space uniform with the maximal possible resolution of one Planck
cell. General arguments, for a class of paradigmatic model systems and for special quantumresonance values of a scaled Planck constant h̄, predict that the distribution of the momentum
current over all such states is a zero-mean Gaussian with variance ∼ Dh̄2 /(2π 2 ), where D is the
chaotic-diffusion coefficient. This prediction is well supported by extensive numerical evidence.
The average strength of the effect, measured by the variance above, is significantly larger than
that for the usual momentum states and other states. Open problems, concerning extensions of
these first results in different directions, are discussed.

1. Introduction
Classical [1–6] and quantum [3, 6–14] Hamiltonian ratchets have attracted a considerable
theoretical interest during the last decade. Also, several kinds of quantum ratchets have been
experimentally realized using atom-optics methods with cold atoms or Bose-Einstein condensates
[15–18]. The classical Hamiltonian ratchet effect is a directed current in the chaotic region
generated by an unbiased force (having zero mean in space and/or time) and due to some spatial
and/or temporal asymmetry [1–6]. This is analogous to the ordinary ratchet effect [19], but with
deterministic chaos replacing the usual noisy environment. Also, the important ingredient of
dissipation in ordinary ratchets is absent in Hamiltonian ratchets.
A basic general result for Hamiltonian dynamics under an unbiased force is that the average
current of an initially uniform ensemble of particles in phase space is zero [2,3]. As a consequence,
a completely chaotic system carries essentially no ratchet current. On the other hand, the
corresponding quantized system can feature significant ratchet effects [7–17]. An important
problem is to understand the nature of these full-chaos quantum effects in a semiclassical regime,
in particular how precisely they vanish, as expected, in the classical limit. Standard studies of
quantum chaotic ratchets have mainly focused on the impact of several kinds of asymmetries
on the quantum directed current from a fixed initial state. It is, however, well established that
the current is sensitive to the initial state [3, 9, 11–14, 17] and this sensitivity is expected to
be especially high in a semiclassical full-chaos regime, reflecting the exponential sensitivity of
chaotic motion to initial conditions. Thus, to get a comprehensive understanding of the quantum
Published under licence by IOP Publishing Ltd
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ratchet effect, it is necessary to adopt a more global approach, not limited to a single initial
state.
Such approach was introduced in recent works [13,14]. It considers for the first time statistical
properties of the ratchet current over whole sets of initial states with well-defined characteristics.
The first results of this new approach concern the semiclassical full-chaos regime of simple
but paradigmatic model systems, the generalized kicked Harper models (KHMs) [20–27] with
Hamiltonian
∞
Ĥ = L cos(p̂) + KV (x̂)

X

δ(t0 − t),

(1)

t=−∞

where L and K are parameters, x̂ and p̂ are scaled position and momentum operators, V (x̂) is a
general 2π-periodic potential, t0 is time, and t is the integer time labeling the kicks. Generalized
KHMs such as (1) describe several realistic systems [12, 24, 25, 27], in particular they are exactly
related [24,25] to kicked harmonic oscillators, which are experimentally realizable by atom-optics
methods [28], and to kicked charges in a magnetic field [25]. Recently [10], the systems (1) were
shown to exhibit generically a robust quantum momentum current (ratchet acceleration) under
full-chaos conditions; this quantum ratchet effect is, of course, much more significant than the
usual one, i.e., a quantum position current (velocity). The fixed initial state was chosen, as in
other works, as a zero-momentum state.
This paper provides, in section 2, a detailed summary of the first results of the new statistical
approach [13, 14] and, in section 3, a discussion of open problems concerning extensions of these
results in several different directions.
2. Detailed summary of first results
2.1. Maximally uniform states in phase space and approximations of them
In the statistical approach to the quantum-chaotic ratchet effect [13, 14], natural initial states
for the semiclassical regime are identified as those that are analogous as much as possible to a
phase-space uniform ensemble, for which classical ratchet effects are totally absent. These are
states which are uniform in phase space with the maximal possible resolution of one Planck cell.
Such uniformity is not featured by, e.g., the usual momentum state which is uniform in position
but is infinitely localized in momentum.
The maximally uniform states (MUSs) in phase space are simultaneous eigenstates of the
translation operators T̂x (a) = exp(ip̂a/h̄) and T̂p (b) = exp(−ix̂b/h̄) shifting x̂ and p̂ ([x̂, p̂] = ih̄)
by a and b, respectively, where a and b define a Planck cell, ab = h = 2πh̄. This is the minimal
value of the area ab for which T̂x (a) and T̂p (b) commute. Then, the simultaneous eigenstates
(the MUSs) |ψi are the well known “kq” states [29], given in both the position and momentum
representation by “delta combs”:
hx |ψw i =

∞
X

e2πinw2 /b δ(x − w1 − na),

(2)

e−2πinw1 /a δ(p − w2 − nb),

(3)

n=−∞

hp |ψw i =

∞
X
n=−∞

where w = (w1 , w2 ) range in the Planck cell, 0 ≤ w1 < a, 0 ≤ w2 < b. The states (2) or (3) for
all w form a complete and orthogonal set [29].
¯
E
¯ (B)
Natural approximations of the MUSs |ψw i, denoted in what follows by ¯ψw
for integer B,
correspond to truncations of the infinite sum in (3):
B
¯
E
X
¯ (B)
e−2πinw1 /a δ(p − w2 − nb).
hp ¯ψw =
n=−B

2

(4)
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The states (4) ¯ are Esuperpositions of the 2B + 1 momentum states |p = w2 + nbi, |n| ≤ B.
¯ (0)
In particular, ¯ψw are just the usual momentum states with p = w2 . Superpositions of
two momentum states were recently used in experimental realizations of quantum-resonance
ratchets [16, 17]. The states (4) can be experimentally prepared for at least B ≈ 10 [30].
2.2. Exact formulas for the quantum momentum current (acceleration)
For the systems (1), the momentum-current operator Iˆ can be formally defined in
the Heisenberg picture as Iˆ = limt→∞ Û −t p̂ Û t /t (for integer time t), where Û =
exp[−L cos(p̂)/h̄] exp[−KV (x̂)/h̄] is the KHM one-period evolution operator. Then, the
momentum current I(w) for initial state (2) is the expectation value of Iˆ in (2). An exact
formula for I(w) can be derived for rational values q/N (q and N are coprime integers) of
h̄/(2π), corresponding to quantum resonances. To present this formula, we first recall that the
eigenstates of the operator Û , i.e., the quasienergy (QE) or Floquet states, can be written as [26]
|Ψj,w i =

N
−1
X

φj (m; w) |ψw,m i ,

(5)

m=0

j = 1, . . . , N , where, for m = 0, . . . , N − 1, φj (m; w) are N coefficients and |ψw,m i are N states
(2) on a lattice of N points (w, m) in the Planck cell. The corresponding QE spectrum consists,
at fixed w, of N levels Ej (w) and, as w varies continuously in the Planck cell, these levels
broaden into N QE bands. Then
I(w) = −h̄

N
X

|φj (0; w)|2

j=1

∂Ej (w)
.
∂w1

(6)

The momentum current IB (w) for initial state (4) can be exactly related to the current (6):
IB (w) =
where

Z a
0

2
dw10 gB
(w10 − w1 )I(w10 , w2 ),

B
X
1
gB (w1 ) = p
exp(2πinw1 /a).
(2B + 1)a n=−B

(7)

(8)

√
In particular,
R athe momentum current for initial momentum states |pi (B = 0, g0 (w1 ) = 1/ a)
is just Ip = 0 dw1 I(w1 , w2 = p)/a.
2.3. Mean momentum current is exactly zero
We now consider a first statistical property of the currents (6) or (7): The mean value of such
a current over the corresponding states, i.e., over w, is exactly zero. To show this in the case
of the current (6), one assumes, for definiteness, that the N eigenvalues exp[−iEj (w)] of Û for
h̄ = 2πq/N are nondegenerate at fixed w. This implies, using (5) and considerations similar to
those in work [26], that: (a) Each QE band Ej (w) is periodic in both w1 and w2 with period
2π/N . (b) |φj (0; w)| is periodic in w1 and w2 with periods defining a unit cell C q times smaller
than the Planck cell. (c) |φj (m; w)| = |φj (0; (w, m))|. It follows from (a), (b), and (6) that I(w)
PN −1
|φj (m; w)|2 = 1,
is periodic in w with unit cell C. Using (a), (c), (6), and the normalization m=0
R 2π/N
PN −1
we get that 0
dw1 m=0 I(w1 , w2 , m) = 0 at any fixed w2 . This result specifies general
mixtures of the pure states
(2) carrying a zero mean current. In particular, it implies that I(w)
R
has zero mean, hIi = C dwI(w) = 0.
Using this fact and formula (7) with (8), it follows that the mean value of the current IB (w)
is also exactly zero.
3
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2.4. Semiclassical estimate of the quantum momentum-current distribution in simple cases
For the time being, the main result of the statistical approach is an estimate of the distribution
Γ(I) of the quantum momentum current I(w) for the systems (1) in a semiclassical regime
(h̄ ¿ 1) of strong chaos (large K and L). According to this estimate, in the simple cases of
h̄ = 2π/N (i.e., q = 1, with h̄ ¿ 1 corresponding to N À 1), Γ(I) is approximately a zero-mean
Gaussian with a well-defined simple variance:
"

#

I2
1
exp −
,
Γ(I) ∼ √
2(∆I)2
2π∆I
D

(9)

E

2D
Dh̄2
= 2,
(10)
2
2π
N
where D is the classical chaotic-diffusion coefficient. Using relation (7), one can also derive an
exact inequality concerning the variances of IB (w) and I(w):
(∆I)2 = I 2 ∼

D

E

D

E

2
(∆IB )2 = IB
≤ (∆I)2 = I 2 .

(11)

Momentum−Current Distribution

The requirement q = 1 for the validity of the estimate (9) with (10) may be understood
as follows. The classical KHM map corresponding to (1) is strictly 2π-periodic in both x and
p. Thus, the torus T 2 : 0 ≤ x, p < 2π is a reduced phase space for the classical system. On
the other hand, the quantum KHM map, i.e., the one-period evolution operator Û above, is
invariant under phase-space translations which commute only if they define a “quantum” torus
TQ2 not smaller than q times the classical one T 2 . Thus, a classical-quantum correspondence for
h̄ ¿ 1 can be most easily established in the case of q = 1 with TQ2 = T 2 [20, 26]. Only in this
case, as in the simple derivation of the estimate (9) with (10) in work [14], one does not have to
consider tunneling effects between the q tori T 2 comprising TQ2 for q > 1.
For q = 1, one can choose in (2) a = 2π/N1 and b = 2π/N2 , where N1 and N2 are integers
satisfying N1 N2 = N . Then, T 2 is precisely tiled by N Planck cells, which is very convenient.
The results presented from now on are for q = 1 and the simple factorization N1 = N , N2 = 1.
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Figure 1. Distributions of the
normalized quantum momentum
current I/∆I in different cases. See
text for details.

Figure 1 show distributions of I(w)/∆I (main plots), calculated using the exact formula (6)
for N = 121 in two extreme cases of fully chaotic systems (1) with K = 15: The symmetric case
4

Dynamic Days South America 2010
Journal of Physics: Conference Series 285 (2011) 012048

IOP Publishing
doi:10.1088/1742-6596/285/1/012048

“S” with V (x) = cos(x) and L = K (red squares, ∆I = 0.086) and the strongly asymmetric case
“A” with V (x) = cos(x) + sin(2x) and L = K/2 (blue diamonds, ∆I = 0.214). The latter case
was studied in work [10] for a zero-momentum initial state. The insets show the distribution of
I/∆I over momentum states in case A with K = 20 (left inset, ∆I = 0.043) and over low-order
(B = 2) approximating states (4) in case S with K = 15 (right inset, ∆I = 0.026). The solid
line in all plots is a zero-mean Gaussian with variance 1. We see that this line¯ provides
a good fit
E
¯ (B)
to all the distributions, including those in the insets, which are over states ¯ψw
significantly
different from the MUSs |ψw¯i. This
E may be due to the relatively simple relation (7) between
¯ (B)
and |ψw i.
the currents associated with ¯ψw
The origin of quantum ratchet effects in the symmetric case S in Figure 1 is the same as that
already established in recent theoretical [11] and experimental [17] works on quantum-resonance
ratchets: This is a relative asymmetry caused by the non-coincidence of the symmetry centers of
a symmetric potential with those of a symmetric initial state for the assumed quantum-resonance
values 2π/N of h̄ = a. The potential V (x) = cos(x) in case S has symmetry centers at x = 0, π
while the state (2) has them at x = w1 , w1 + a/2. Thus, for generic values of w1 , I(w) 6= 0.
2.5. Dependence of variances of quantum momentum currents on parameters
We now compare the results (10) and (11), concerning the dependence of variances on several
parameters, with numerical data obtained using the exact formulas (6) and (7). Consider first
the naturally normalized variance R ≡ N 2 (∆I)2 /(2Dql ), where Dql is the “quasilinear” value of
the diffusion coefficient D, corresponding to the lowest-order term in an expansion of D in forceforce correlations; for sufficiently strong chaos, D is very close to Dql . The semiclassical estimate
for the variance in Eq. (10) would imply that R ≈ D/Dql . Indeed, Figure 2 shows a reasonably
good agreement between R and D/Dql versus K in both cases S and A. Discrepancies arise
mainly around peaks of D/Dql , especially the peak near K ≈ 6.5 in case S, due to a p
small
accelerator-mode island. Thus, for general large K with R ≈ 1, ∆I increases almost like Dql
(i.e., linearly in K).

(a)

5
3
1

R2

5

7

9

11

13

15

17

19

(b)

Figure 2. Filled circles: The
quantity R = N 2 (∆I)2 /(2Dql )
versus K for N = 2π/h̄ = 121
in cases S [(a), Dql = K 2 /4] and
A [(b), Dql = 5K 2 /4] defined in
the text. Crosses joined by a line:
D/Dql versus K.
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Figure 3 shows loglog plots of ∆I versus N in cases S and A. The results agree very well
with the N −1 behavior predicted by (10). The inset shows plots of ∆IB /∆I versus B in the
two cases. We see that ∆IB is always smaller than ∆I, in accordance with the exact inequality
(11), and approaches monotonically ∆I as the order B of approximation increases. For small B,
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∆IB is significantly smaller than ∆I and attains its minimal value at B = 0, corresponding to
momentum states (∆I0 = 0 in case S). We remark that standard initial states used in previous
works are either momentum states or linear superpositions of few momentum states. Thus,
the quantum momentum acceleration for the MUSs |ψw i, measured by ∆I, appears to be the
strongest quantum ratchet effect known until now.

ln(∆I)

−1

−2
1

0.6

B

−3

∆I /∆I

0.8

0.4
0.2
0
0

3.9

10

B

20

4.3 ln(N)

30

4.7

5.1

Figure 3. Loglog plots of ∆I
versus N = 2π/h̄ (49 ≤ N ≤ 169)
for K = 15 in case S (red squares,
with linear fit having slope µ =
−0.98 ± 0.01) and in case A (blue
diamonds, µ = −1.02 ± 0.01). The
inset shows ∆IB /∆I versus B for
N = 121 and K = 15 in the two
cases; ∆IB=0 = 0 in case S.

3. Conclusion and discussion: open problems
In conclusion, we have presented first results on the quantum ratchet effect in the framework
of a new statistical approach. These results concern simple but realistic model systems (the
KHMs) in a semiclassical full-chaos regime and for special quantum-resonance values 2π/N of a
scaled Planck constant h̄. There are several interesting open problems that wait to be analyzed
by the new approach. We mention here some of these problems:
(a) To investigate the distribution of the quantum current in a semiclassical regime of mixed
phase space, assuming again h̄ = 2π/N at least at a first stage. In particular, when acceleratormode islands are present, the classical chaotic diffusion should be anomalous with a non-Gaussian
(approximately Levy) distribution of momenta [31]. This should lead to significant deviations
of the quantum momentum current distribution from the estimate (9) (which reflects normal
chaotic diffusion), as clearly indicated in Figure 1(a) by the discrepancy of the numerical data
from the theoretical prediction (solid line) near K ≈ 6.5.
(b) To consider generic irrational values of h̄/(2π) for which the KHMs are known [21–23]
to exhibit a variety of quantum-transport phenomena depending on the parameters K and L:
Ballistic motion, quantum diffusion, and Anderson localization. One would like to understand
how precisely these phenomena affect the semiclassical distribution of the quantum current over
suitably chosen sets of initial states. Such understanding may be systematically achieved by
considering rational approximants q/N of h̄/(2π). When MUSs (2) are used as initial states,
one should also examine the dependence of the results on a = 2πq1 /N1 and b = 2πq2 /N2 for all
integers q1 , q2 , N1 , and N2 satisfying q1 q2 = q and N1 N2 = N .
(c) To apply the statistical approach to other systems. At a first stage, one would like to
consider systems that can be consistently described on a phase-space torus like the KHMs. The
quantum ratchet effect in such a system, the well known quantum kicked particle, has been
the subject of both theoretical [9, 11] and experimental [16, 17] studies in the framework of the
usual approach to the effect. This system is basically different from the quantum KHM since
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the quasimomentum β = w2 in expressions such as (5)-(7) cannot take all values; the allowed
values are determined by a Diophantine equation [32]. This fact should be properly taken into
account when investigating the distribution of the quantum current over w.
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