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Adiabatic invariance of the action is investigated in the standard map, under slow changes of the stochasticity parameter
K. A fixed action representation of the rotational tori is developed perturbatively in K, and is connected with the usual
(KAM) representation at fixed winding number. The notion of adiabatic invariance to a given order in K, K << 1, is then
introduced. It involves an approximation to exact dynamics by essentially a power-series expansion in both K and a slowness
parameter. Adiabatic invariance is explicitly verified to second order, and the dependence of the nonadiabaticity on the form
of the switching function and the slowness of the change is investigated. The case of adiabatic switching to larger values of K,
K < 1, is approached phenomenologicaUy, taking into account the problem of separatrix crossing. It is shown that this crossing
leads in general to nonadiabatic effects in the limit of infinitely slow change. These reflect the finite widths, or intrinsic action
uncertainties, associated with the main island chains crossed. The latter are determined from the Farey tree in the range of
variation of the winding number. An estimate of the critical slowness parameter, corresponding to the onset of the intrinsic
nonadiabatic effects, is derived. It involves typical time-scales associated with the main island chains crossed.

1. Introduction

The subject of adiabatic invariance, namely the
approximate constancy of certain quantities (such
as action integrals) under slow changes of parameters, has recently attracted considerable attention
in connection with several problems in classical
and quantum physics [1-8]. The adiabatic theorem of classical mechanics has been proven rigorously only for one-dimensional Hamiltonians
[9-11], where it is known that the excursion of the
action from its initial value tends to zero in the
limit of very slow change, provided the frequency
of the instantaneous Hamiltonian never vanishes
(no separatrix is crossed). The case of separatrix
crossing has been studied in detail recently [12].
Adiabaticity in multidimensional systems has been
considered extensively in several contexts, such as
plasma containment [13]. For multidimensional
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Hamiltonians which remain integrable during the
change, adiabatic invariance is known to depend
crucially on the passage through an infinity of
resonances (frequency commensurabilities), leading in general to an infinite number of conditions
to be satisfied [14].
The extent to which the adiabatic theorem is
applicable to nonintegrable systems (exhibiting
chaotic motion) is an open question. The relevance of the problem emerges naturally, for
example, in the context of the semiclassical quantization of multidimensional systems by the recently developed "adiabatic switching" method [2,
4-8]. The basic idea here is to connect, or to
"switch" from, an integrable Hamiltonian H 0 to a
related integrable or even nonintegrable one, H,
by introducing a slowly time-varying Hamiltonian
H(t/T), where T is a "large" time, and H(0)=
H 0' H(1)= H. One first finds initial phase-space
coordinates lying on tori of H 0 whose actions are
quantized semiclassically in the usual way. Then,
by assuming, "in some sense,", the adiabatic hy-
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pothesis for these quantized actions, and by following the classical evolution under H ( t / T ) of
the corresponding initial coordinates, the semiclassical quantized energies of H are calculated. In
this way one avoids the problem of searching
initial conditions for quantizing tori of H [15].
The adiabatic switching method has been used
recently quite extensively for calculating semiclassical energy levels of several multidimensional
systems [2, 4-6]. In general, the results agree
surprisingly well with the "exact" levels, even when
the corresponding classical trajectories lie clearly
within chaotic regions [4, 5]. One is then led to ask
as to the validity of the underlying assumptions of
the method, even in cases where the dynamics is
nearly integrable. As discussed in refs. 3 and 4,
even if the initial and final tori exist, it is difficult
to visualize their adiabatic connection, as the intermediate Hamiltonian system will usually not
possess tori with the initial (final) actions, these
being replaced by island chains a n d / o r chaos,
What then is the possibility of using adiabatic
switching to find tori of predetermined characteristics in general multidimensional systems? Further, what meaning can be given to the results of
adiabatic switching when the final tori do not
exist?
It is the purpose of the present work to investigate in some detail the meaning and the validity of
the adiabatic hypothesis for a typical system displaying both regular and chaotic motion. We focus
on the "standard", or Taylor-Chirikov map [16]
In+ 1 = I n + K sin0 n,

(la)

0,,+1 =O,,+I,+ 1,

(ab)

where I, 0 are canonical variables, and K is the
"stochasticity parameter". The map (1) describes
a one-dimensional periodically kicked rotor, but is
typical in the sense that it approximates locally
several interesting nonlinear maps [16]. The properties of (1) have been studied extensively [16-22]
and below we summarize some of them which are
relevant to our work. The map (1) is invariant
under inversion, (I, 0) --* ( - I , - 0 ) , and transla-

tion by 2~, (I, 0 ) ~ ( I + 2 ~ ,
0+2~r). Thus, all
inequivalent orbits of (1) can be found in the basic
zone 0 < I, 0 < 2~ (or half of it). An orbit can be
characterized by its winding number
w-- lim 0n - 0°
n~
2~n '

(2)

whenever the limit exists. At K = 0 (the "integrable" case) all orbits lie on the "rotational" tori
(extending continuously from 0 = 0 to 0 = 2 v )

l=J,

0<0<2~,

(3)

for 0 < J < 2~, and w = J/(27r). When K 4:0 these
tori will persist, according to the KAM theory
[23], provided IKI is small and w is "sufficiently
irrational", in the sense of continued-fractions theory [24]. Expressing w in its continuedfraction representation,
w=

1
a~ +

.... ],

1
a2 +

_

(4)

1

_

and truncating (4) after the mth step, one gets the
sequence of best rational approximants to w:

Wm=Pm/qm=[al,a2 . . . . . am],

m=1,2 .....

(5)
where p,, and qm are relatively prime integers.
The closeness of w to rationals, inversely related
to its "irrationality", may be measured by the rate
of convergence of the sequence (5) to w. In this
sense, the most irrational number has a,,, = 1 for
all m, which is the reciprocal of the golden mean,
w = (~/5 - 1)/2. In fact, Greene [17] has observed
numerically that this torus is the last to disintegrate, at K = Kc~0.9716, becoming then a
"cantorus" [20].
A torus having, at K = 0, a rational value of
w = p / q (p and q are relatively prime integers)
ceases to exist when K 4= 0. In conformity with the
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Fig. 1. Typical orbits of the standard map at K = 0.8. Visible
are the main (1/1) and second-order (1/2) island chains with
their chaotic separatrices, and some structure of the 1/3 and
2/5 island chains (and their equivalents, 2/3 and 3/5). Orbits
approximating the golden-mean and silver-mean tori are found
between the 1/3 and 2/5 and between the 2/5 and 1/2 island
chains, respectively.

Poincar6-Birkhoff fixed-point theorem, Greene
[17] has observed that for small IK[ such a torus is
replaced by two periodic cycles of length q, one of
them is elliptic (stable) and the other is hyperbolic
(unstable). The hyperbolic points emanate chaotic
separatrix branches bounding a region of the phase
plane which contains the elliptic cycle. We shall
refer to this region, including the chaotic separatrix branches, as an "island chain" associated
with the rational winding number w = p / q . For
K << 1 one finds proximity of island chains and
K A M toil on various scales, similar to the embedding of rationals within irrational numbers.
Typical orbits of the map (1) in the basic zone
0 < I, 0 < 27r and at K = 0.8 are shown in fig. 1.
We investigate adiabatic invariance in the
standard map under slow changes of K, starting
from K = 0 with the set of tori (3). In section 2 we
develop, by perturbation theory in K, a fixedaction representation of the rotational tori of (1).
This representation is connected with the usual
representation at fixed winding number (KAM
theory) [18, 21-23], by developing perturbatively a
relation between actions and winding numbers.
The notion of adiabatic invariance to a given
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order in K, for K<< 1, is then introduced in
section 3. It is based on the concept of approximate constants of motion [25] for the rotational
tori, and involves an approximation to exact dynamics by essentially a power-series expansion in
both K and a slowness parameter. Adiabatic invariance is then explicitly verified to second order
in K. The dependence of the nonadiabaticity on
the form of the switching function and the slowness of the change is investigated to first order in
K. It is shown that the decay of nonadiabaticity
with the slowness parameter is determined by the
number of vanishing first derivatives of the switching function at the beginning and at the end of the
change process. In section 4 we consider the case
of adiabatic switching to larger values of K, K < 1,
assuming that a rotational torus with the initial
action exists at the final value of K [26]. A major
problem in this case is the "crossing" of island
chains of significant widths (separatrix crossing)
during the switching process. It is shown here, on
the basis of a phenomenological approach to the
problem, that this crossing leads in general to
nonadiabatic effects (nonconservation of action)
in the limit of infinitely slow change. These effects
reflect the finite widths, or "intrinsic action uncertainties", associated with the main island chains
crossed. The corresponding nonconservation of
action is thus called "intrinsic nonadiabaticity", a
term introduced in ref. 4 in connection with chaotic
motion (which we assume to be insignificant here)
rather than finite widths. We derive an estimate of
the critical slowness parameter corresponding to
the onset of the intrinsic nonadiabatic effects. This
is determined to a large extent by typical
time-scales associated with the main island chains
crossed. Within the perturbation-theory framework of section 3, these time-scales can be interpreted as diffusion times for the approximate
constants of motion [25]. The main island chains
crossed are determined from the Farey tree in the
range of variation of the winding number.
Numerical evidence for our approach is given. A
summary and the conclusions are presented in
section 5.
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2. Actions and winding numbers
In this section we derive, by perturbation theory in K, expressions for the rotational tori of fixed action
of the standard map. Then, using the concept of the "hull function" of the map [21, 22], a perturbative
relation between actions and winding numbers is developed.
By a corollary to a Birkhoff's theorem (see, e.g., ref. 27), a rotational torus of (1) can always be
represented by a continuous single-valued function I(0), periodic in 0. The action J associated with the
torus is then defined by

J = ~ 1 fo2,I(O)dO.

(6)

A functional equation for 1(0) can be easily derived. Using eqs. (1), with 0, = 0 and I, = 1(0), we obtain

I(0 + I(0) + K s i n 0 ) = I(0) + KsinO.

(7)

Eq. (7) will now be solved perturbatively in K to give expressions for the tori of fixed action J. We start
by writing

I(O)=J+ E K"h.(O),

(8)

n=X

where, because of (6), all functions h,(O) have zero average:

fo2~h,( O) dO = O.

(9)

Substituting (8) into (7), and Taylor-expanding the left-hand side of (7) around the angle 0' = 0 + J, we
obtain

1
K n hn(O+ J)+ ~ rn!

K i1h,,(O)+KsinO=
n=l

n=l

\

rtt ~ 1

00"

/=1

"

(lO)
By comparing the coefficients of equal powers of K on both sides of (10), equations for the functions
h,(O) are derived. Under the restriction (9), these equations will admit unique solutions. Thus, to first
order in K, we get the equation

hl( O+ J) - hi(0 ) = sin&

(11)

The only solution of (11), consistent with (9), is easily found to be

hi(O)

cos ( 0 - J/2)
2sin ( J / 2 )

(12)
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To second order in K we have the equation

h2t0+J)-h2t0)-

[h2(0,)]
2 ~,o'=o+J"

(13)

~0' L

Substituting (12) into (13), we obtain the zero-average solution
h2(0 ) = _

cos(Z0)
16 sin ( J ) sin 2 ( J/2)"

(14)

In a similar fashion we may proceed to find the functions hn(O ) to any desired order in K. In addition to
(12) and (14) we shall give here just the third-order function h3(0 ), which is
-cos(J)

h3(O) = 128sin(J)sin3(j/2)

[ 3cos(30)
cos(0)]
s i n ( 3 J / 2 ) + sin ( J / 2 )

(15)

"

By induction from eqs. (10), (12), (14) and (15), it is easy to see that in general the highest harmonic of 0
contained in h,(O) is the nth. Moreover, h,(O) will contain only odd harmonics of 0 for n odd, and only
even harmonics for n even. This is easily shown by making use of the symmetry of the map (1) under
K ~ - K , 0 ~ 0 + ~ ( I is left unchanged). Thus, if I(0) represents a torus at K with action J, I(0 + ~r)
will represent a torus at - K with the same action. From expansion (8) it follows then that
(16)
which proves our claim. We can also see that the mth harmonic in hn(0 ), m < n , is eventually
accompanied by some power of sin(m J / 2 ) in the denominator. If J / ( 2 ~ ) is close to a rational number,
this may give rise to the problem of "small denominators," in analogy to the KAM theory [18, 21-23],
where, however, tori of fixed winding number, rather than fixed action, are considered. We shall return to
this point later.
We now consider the problem of the relationship between the action J and the winding number w of a
given torus. More precisely, we are interested in finding perturbatively an expression for J as a function of
w, J(w; K). We start by noticing that if a torus with action J and winding number w exists at K, then it
will also exist at - K . In other words, for an existing torus in some domain 0 < IKI < Kc(w ), J(w; K) is an
even function of K. This follows again from the symmetry of the map (1) under K - , - K, 0 --* 0 + qr, since
by definitions (2) and (6) both J and w are invariant under 0 ~ 0 + ~. It should be noticed that this
symmetry is possessed also by maps more general than (1), with, for example, I~+ 1 in eq. (lb) replaced by
a general function f(I,+l). This replacement is relevant, e.g., in the problem of reconnection [28], and
properties (16) and J(w; - K ) = J ( w ; K ) hold also in this case.
Since J(w; K) is an even function of K, a power expansion in K converging to it has the form

J(w; K) = ~ KZnJ2n(w).

(17)

n=0

In what follows we present a general perturbation procedure for finding the coefficients J2,(w) in (17). We
first recall the known dependence of 0n on n and ~ = 27rw (the angular velocity) when the motion is
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confined to a torus [21, 22]:
(18)

0. = a + n,o + g ( a + n,o).

Here a is a variable giving the initial angle 0o = a + g(a), and the "hull
following properties: a) u is monotonously increasing, b) g(a) is
g ( - a ) = - g ( a ) , and analytic for ]K] < Kc(W ). Relation (18) specifies
the limit in (2) takes place, and extends the definition of 0n to negative
g(a) = 0, and from properties b) g ( a ) must have zero average. Thus, if
in K, this must be of the form

g(a) = ~

function" u ( a ) = a + g ( a ) has the
periodic, g ( a + 2 ~ r ) = g ( a ) , odd,
the exact way the convergence to
values of n. Obviously, for K = 0,
g(a) has a power-series expansion

(19)

Kng,(a),

,'5'=1

where the functions gn(a) have zero average. An equation for g(a) is easily found. F r o m eqs. (1), we see
that (01 - 0o) - (0 o - 0 1) = K sin00' so that g ( a ) satisfies the "discrete sine-Gordon equation" [22]

g(a + ~o) - 2g(a) + g ( a - ~) = K s i n ( a + g(a)).

(20)

Eq. (20) can be solved perturbatively assuming (19). We find, to the third order,

ga(a) _

sin(a)
4 sin 2 (~o/2) '

(21)

sin ( 2 a )
g z ( a ) = 64sin 2 (,o)sin 2 (~o/2) '

(22)

(2 + cos (~o)) sin (3a)
+ (2 + 3 c o s ( ~ 0 ) ) s i n ( a )
256 sin 2 (¢0) sin 4 (~o/2) "
g3 ( a ) = - 256 sin 2 (3.o) sin 2 (~o) sin 2 (~o/2)

(23)

We now show how the expansion (17) can be determined using the idea of the hull function. F r o m eq.
( l b ) we see that 0o - 0_ 1 = I 0 = I(0o) = I(a + g(a)), so that, using (18), we obtain our basic relation
I(a

+ g(a))

= ,o + g ( a )

(24)

- g(a -

Let us write

I(a)=J+ ~ K"f~(a),

(25)

n~l

where the zero-average functions f , ( a ) are now expressed in terms of o~ = 27rw (as in the K A M theory)
rather than J, and are thus generally different from the functions hn(O ) in the expansion (8) (despite the
fact that b o t h expressions (8) and (25) define the same function). We shall regard the functions f n ( a ) as
u n k n o w n to be determined from eq. (24). Substituting now (25) into (24), and averaging over a, we obtain

J(w;K)=27rw-

~

K"(2~ d a f ~ ( a

,=1 27r J0

+g(a)).

(26)
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Using the known expansion (19) and solving (24) for the f,(a)'s, the expansion (17) can be determined
directly from (26). Actually we shall see that by solving eq. (24) for the fn(a)'s, one essentially performs at
the same time the averaging in (26).
To order zero in K, one obtains from (24) simply the zeroth-order coefficient in (17),

Jo(w) = 2¢rw.

(27)

The result (27) could be guessed already from eq. (2), using (1) and (6). To first order, using (21) and (25),
eq. (24) gives

fa(a) = g,(a) - g l ( a - 60) = - c o s ( a - 60/2)
2 sin (60/2)

(28)
'

namely f l ( a ) is the same function as hl(O ) in (12), with 0 -+ c~, J ~ 60. This is simply a consequence of the
zeroth-order result (27). To second order we have

~fl (O~)

,..,

J2( w ) + f 2 ( Or) + ------~d---gl[ ot ) = g 2 ( o ~ - 60) --g2(O~).

(29)

Averaging eq. (29) over a we obtain

j2(w)_

1 t'2. d
2rrJ0

3fl(a)
a ~gl(a)

cos( w)
- 16sin 3 (Trw) "

(30)

The function f z ( a ) turns out to be the same as h2(0 ) in (14), with 60 replacing J. This is expected since to
order zero J = 60 (see (27)), and the second-order correction (30) may lead only to differences between the
functions f3(c0 and h3(0). In fact, to third order we find
3 cos (60) cos (3a)
(2 + cos 60) cos ( a )
f 3 ( a ) = - 128 sin (360/2) sin (60) sin 3 (60/2) + 128 sin (60) sin 4 (60/2)"

(31)

The function (31) differs from h3(8 ) in (15) (also after replacing J by 60 in (15)) in the coefficient of the
first harmonic. It is easily checked that, taking into account the second-order correction (30), the first-order
function (12) produces a third-order term which exactly cancels this discrepancy. Finally, we give the
fourth-order coefficient in (17),
1 + 2cos (2~rw)
J4(w) = 512sin 3 (2rrw)sin 4 (~rw)

3cos( w)
1024 sin7 (rrw)"

(32)

In general, as for the functions h,(0), the highest harmonic of a contained in f,,(a) (and in g,,(a)) is the
nth. Since w, like J, is invariant under 0 ---, 0 + ~r, relation (16) will be satisfied by f,,(a) replacing h,,(O).
The mth harmonic in f,,(a) (and in g,,(a)), m < n, will be accompanied by some power of sin(m~rw) in
the denominator. These are precisely the "small denominators" of the KAM theory [18, 21-23]. It is
known from this theory that tori associated with sufficiently irrational values of w exist for IKI < Kc(w ).
These values include almost all irrational numbers, and form a set of finite measure. For Igl < Kc(w ) the
coordinates on a rotational torus are specified by analytic periodic functions g(a) and I(a + g(a)) (see
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(18) and (24)). These can be represented by convergent Fourier-series expansions, analytic in a domain
surrounding the real a-axis and shrinking to zero as K -~ Kc(w ) [18]. Perturbation expansions in K for the
Fourier coefficients may be obtained directly from (19) and (25) by formal rearrangement of terms.
According to the KAM theory [23] these expansions converge for IK] small, since the smallness of K " just
compensates for the small denominators appearing in g , ( a ) (or in f,,(a)) whenever n = qm (see (5)). This
argument of the KAM theory, relating the convergence of perturbation expansions at fixed w to the
existence of a torus, has no analogue in the case of the perturbation expansion (8) at fixed action J. In
fact, within the domain of existence IK] < Kc(w ) of a given torus the action J(w; K ) is continuous and
therefore J/(2~r) assumes also rational values. These lead to vanishing denominators in the expansion (8),
and thus to its divergence, despite the fact that the torus exists. Nevertheless, one may consider (8) as a
formal expansion, reducing to the expansion (25) at fixed w after substituting (17) into (8) and rearranging
terms [29].

3. Adiabatic invariance to a given order in K

3.1. Statement of the problem and definitions
In this section we consider first general aspects of adiabatic invariance in the standard map (1) under
slow changes of the parameter K. The variation of K with the discrete time n is defined by the following
map:

1,+ 1 = I n + K ~ ( n / N ) sin 0,,

(33a)

0,+ 1 = On + In+ 1,

(33b)

where N is a large integer (the "switching time"), and X(x) is the "switching function" [4-8] having the
following properties: X(x) is monotonously increasing in the interval 0 < x < 1, X(x) = 0 for x < 0, and
X(x) = 1 for x > 1. Thus, one switches from K = 0 (the "integrable" case) to some finite K > 0. We shall
restrict ourselves in this section to the case K << 1, where tori exist in large measure in the phase plane.
Because of the lack of a global transformation to action-angle variables in (1), the problem cannot be
approached as in the usual proof of the classical adiabatic theorem [9-12]. We therefore proceed as
follows. Iterating n times with (33) all points on a given torus (3), one obtains a set of points (I~, On)
forming the "adiabatic" curve C,. This is parametrized by the initial angle variable 0 in (3):

I n = F(O; J, n),

(34a)

O, = G(O; J, n).

(34b)

The problem of adiabatic invariance is then to determine to which extent the c u r v e C N (n = N in (34))
becomes "close" to some orbit of the map (1) (at the final value of K), in the limit of very slow change,
N ~ or. To define this closeness, we notice first from (33) that the curve (34) is always "rotational",
namely G(O + 2~r; J, n) = G(O; J, n) + 2~r. Moreover, from the area-preserving and inversion-symmetry
properties of (33) it follows that the area enclosed by this curve and the lines I = 0, 0 = 0 and 0 = 2v is
equal to 2~rJ. Assuming that a rotational torus of action J exists at the final value of K, it is then natural
to compare it with the curve C u. This torus is represented by a single-valued function I(0), and,
accordingly, we shall assume throughout this section that the curve C N can be represented by a
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single-valued function IN(ON), namely that the function G in (34b) is invertible. We shall see in the next
section that this assumption is quite reasonable for K sufficiently small. The closeness of C N to the torus is
then defined by the nonadiabaticity A J ( N ) :

A J ( N ) = [(-~-~

fo t (o)l ao}

'

(35)

where A N( O) = Iu( O) -- I(0). One has adiabatic invariance if A J ( N ) ~ 0 as N ~ m.
If no torus of action J exists at the final value of K, the problem of defining a nonadiabaticity can be
approached in general as follows. For K small enough the orbits of the standard map are almost
"horizontal", resembling nearby rotational tori which exist in large measure by the KAM theory [23]. An
arbitrary value of J can then be associated approximately with an orbit by considering a general truncated
perturbation expansion (8), to some order s:

I(S)( O ) = J +

iK"h,(0).

(36)

n=l

By definition, the function (36) satisfies the "equation of motion" (7) to order s in K. Thus, the curve (36)
may be considered as an approximate torus "smoothing", or "averaging", the fine structure of the exact
dynamics in its neighborhood. In other words, J is an "approximate constant of motion" [25] to order s
in K.
The general notion of adiabatic invariance to a given order in K can then be introduced. Let us first
express the functions F and G in (34) (for n = N ) as power expansions in K up to some order s. Inverting
then formally relation (34b), and substituting the resulting expression for 0 into (34a), we obtain a
single-valued approximation to order s, I(U')(ON), to the adiabatic curve. This is compared with the
function I ( ' ) ( 0 ) in (36). If

I ( s ) ( o ) - I(s)(O) = A(2(O),

(37)

where A(~)(O) --) 0 as N --, ~ , we say that there is adiabatic invariance to order s in K.
3.2. Verification of adiabatic invariance to second order
We now proceed to verify adiabatic invariance up to second order in K. We then investigate in detail
the dependence of the nonadiabaticity on the form of the switching function and the slowness of the
change to first order in K. To this order the action J is equal to 2~rw (see (17) and (27)), and a natural
slowness parameter for the problem may then be identified as e = ( N J ) 1, as we shall see. We start from
the fact that any switching function X(x), defined on a discrete set of points x , = n / N , n = O, 1 ..... N - 1,
can be expressed as follows:
N

)~(x,,) = Y'~ a m ( n / N ) m,

(38)

rnffil

where, obviously,
N

a m = 1.

(39)
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It is evident from (33a) that in order to calculate I, in (34a) to the s th order, it is sufficient to have 0,, to
the (s - 1)th order. To order zero one has, from (33) and (3),

0(°) = O + nJ.

(40)

By substituting (40) into (33a) and using (38), (39), we obtain I N to first order:
N-1

E K)~(x,)sin(O+nJ)

i(1)=j+

n=O
N

am

Om N

1

~_~ KN-----~ Ojm E

=J+

m= 1

J +

EN

sin(O+nJ-m~r/2)

n=0

K Na"" 0J0m'~[COS(0+ N J - J / 2 - m ~ r / 2sin
) - c(oJs/(2O) - J / 2 - m ~ r / 2 ) ] 2

J9l=1

K
2 s i n ( J / Z ) c°S(ON--J/Z) + A(1N)(0N)'

-J

(41)

where A(1N)(ON) ~ 0 as N ~ ~ . Comparison of (41) with (8) and (12) shows then adiabatic invariance to
first order.
Going to the second order in K, we shall restrict ourselves, for simplicity, to the case of the switching
function ? , ( x ) = x. More general cases may be treated as above, using the representation (38). We first
calculate 0, to first order, using (33) and (40),

I,, = O + nJ + ~

0,11) = 0 +
m=l

=O+nJ-

m=l

Kn

4N sin2 ( J / 2 )

,,Y'~1K-~r s i n ( O + r J )
r=0

[sin(O+nJ)+sinO]

(42)

K
[cos (O + nJ + J / 2 ) - cos (0 + J / 2 ) ] .
4N sin3 ( J / 2 )
Substituting (42) into (33a), and expressing 0 as a function of ON, we obtain, after some algebra,

COS(ON--J/2) _ K 2
I(NZ)=J-K

2sin(J/2)

c°s (ZON)

1 6 s i n ( J ) s i n Z ( J / 2 ) +A(~)(ON).

(43)

Here A(2)(ON) is a complicated expression satisfying A(2)(ON) --~ 0 as N ~ ~ . Comparison of (43) with (8),
(12) and (14) shows then adiabatic invariance to second order.
We now investigate the dependence of the nonadiabaticity (35) on the form of the switching function
)~(x) and on the switching time N, to first order in K (the superscript s = 1 will be omitted from now on).
The analysis that follows can be generalized in principle to higher orders in K, if a more accurate
description of the behavior of A J ( N ) is required. However, the first-order results below are expected to be
valid for K<< 1, as demonstrated numerically later. Let us assume that ~(x) has all derivatives
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continuous in the interval (0,1), and that the first l derivatives vanish at the end points x = 0,1 (X(x)

~C+):

0 X(x) x:o,1= 0 ,

r = l . . . . . l.

OX r

(44)

For definiteness we also assume that
01+l)k(X) x=l

Oxt+1

=(-1) t

0/+l)~(X) ]
Ox++1
- a 4: 0.
x=0

(45)

Relation (45) is satisfied, for example, by a switching function having the symmetry
h(1-x)

(46)

=1 - h(x).

From (41) we have

aN(ON)-- KCOS(ON-J/2)
2sin(J/2)

= Z A(n/N),

(47)

n=0

where

A(x) = X(x)

sin (0

+

NJx).

Using the Euler-Maclaurin expansion formula [30] in (47), with (44) and X(0) = 0, we obtain
N1-2r
[02r-lA(x)
~B2r[
Ox:~_l
r= L

N-I

2 A(n/N)=NfolA(x)dx + ~

n=O

sin (0U)
+ ~

x=l

02r-lA(x)
Ox2r-1

]
x=0

~ (-1)rB2rJ2r-Xcos(ON).

r=l (at)!

(48)

Here L is the smallest integer satisfying 2 L - 1 > l, and B2r a r e Bernoulli numbers, The integral in (48)
can be evaluated by integrating l times by parts, using (44) and (45):
COS(ON)
U fo1A(x)dx= -K-----:f---+ ~2Ka

sin (NJ/2

+ l~r/2)
cos (0 u - NJ/2) + tP(N-'- 2).
(Uj),+
1

(49)

It is easily verified that the last two terms and the first term on the right-hand sides of (48) and (49),
respectively, give together precisely the second term on the left-hand side of (47). The infinite sum in (48)
contributes, because of (44), only powers N -j with j > l + 1. Thus, as a power expansion in N -1, AN(ON)
starts from N - ~- a. Using this in (35), we then arrive at the general result

AJ(N)= 2 K
n>l

(NJ)

'

(50)
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where/3"(N, J )
/~/+I(N,

are

generally proportional to oscillatory functions in N. In particular,

J) ec Isin ( NJ/2 + lrr/2) I.

In simple cases

(51)

AJ(N) can be explicitly evaluated. For example, for ?,(x) = x (l = 0) we find

K
A J ( N ) - 2V~- • 4 sin 2 ( J / 2 )

Isin

(NJ/2) I
N
'

(52)

while, for the C2-switching function
X(x) =x-

sin(2~rx)
2~r
'

(53)

we obtain, after a lengthy calculation,

AJ(N)-

~.

~r2K
16sin4 ( j / 2 )

Isin ( N J / 2 ) I
N3
+ E)(N-5).

(54)

The product NJ in the denominators of (50) will appear in (52) and (54) after expanding sin ( J / 2 ) in a
Taylor series. The N 3-decay law in (54) has been observed recently also in another system [4], using the
switching function (53).
A natural slowness parameter for the problem may now be identified as

e = ( N J ) -1.
In fact, to first order in K, w = J/(2~r), so that the variation of K in (33) is slow if N >> 27r/J, or e << 1.
The result (50) implies then that AJ(N) decays essentially as ez+l, where l is the number of first
derivatives of X(x) vanishing at the end points. This is quite analogous to the adiabatic theorem in
classical [11] and quantum [31] mechanics. In the case l = oc (X(x) has essential singularities at the end
points), it is known [9] that the classical nonadiabaticity decays almost exponentially (faster than any
power law) as e -* 0. Such a decay may also occur in (50) for l + m. To increase l one may proceed as
follows. Let ),l(X) and X2(x) be switching functions satisfying (44) with l = l 1 and l = l 2, respectively.
Then, by the chain rule, Xa(Yt2(x)), or Xz(Xl(x)), are switching functions both with (at least) 11 + l 2 first
derivatives vanishing at the end points. Here it should be pointed out again that in order to obtain a more
accurate description of the behaviour of A J ( N ) the analysis above should be generalized to higher orders
in K. This may lead to decays which are different (possibly slower) than (50), but which are still related to
the number of vanishing first derivatives of X(x) at the end points.
The precise positions of local minima in AJ(N) are determined to a large extent by the oscillatory
functions fin(N, J) in (50). For w = J/(2~r) not too small, and because of the discreteness of the variable
N, these minima roughly corresponds to local minima in the leading-term function (51). When w is
rational, (51) vanishes at some N's, and then AJ(N) is affected only by terms with n > l + 1 in (50). If, on
the other hand, w is irrational, and l is, say, even, the function (51) attains local minima at points N m
where N,,w is quite close to an integer. From the theory of continued fractions [24], these values of N
correspond to the denominators q,, of successive rational approximants to w (see (4) and (5)). For
example, if w = (3 - v ~ ) / 2 , equivalent to the golden mean, the q,,'s form the sequence of the Fibonacci
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n u m b e r s ql = 1, q2 = 2, q,,+a = qm + qm-1 (m > 2), and for m sufficiently large one has [24]
1

Iqmw - P m I - v~q,,"

(55)

It then follows from (51) that for N = N m --- q,,

flt+l(N,, J ) = f i t ( J )
'

N m

(56)
'

where fit(J) is some function of J. Thus, when measuring A J ( N ) only at the special switching times
N = N m, an additional negative power N - 1 will appear in the decay law, and no superimposed oscillations
should be observed. This is also the case for l odd, but now N,, correspond to local minima of
[cos ( N J/2)1, and it is easily seen that N m = qm/2, with qm an even denominator. Thus, first values of N m
are, for example, 4,17, 72, 3 0 5 , 1 2 9 2 , . . . . F r o m the theory of continued fractions [24] we m a y also infer that
for other values of w, less irrational than the golden mean, the minima of (51) at N = Nm are generally
smaller, and thus more pronounced, than those given by (56), if N,, is comparable in magnitude to some
Nm in the golden-mean case.
W e n o w present some numerical evidence to these theoretical expectations. A measure of nonadiabaticity which is computationally suitable is the relative RMS-deviation A w ( N ) of the winding numbers for
initial conditions on the adiabatic curve C u (see Appendix A). Figs. 2 show typical dependencies of
A w ( N ) on N for the switching to K = 0.01 with h ( x ) = x. In fig. 2a, J / ( 2 ~ r ) = (3 - f 5 - ) / 2 , and we see
essentially an oscillatory decay of a w ( N ) , with local minima at the Fibonacci numbers 3, 5, 8, 13 and 21.
In fig. 2b, J / ( 2 ~ r ) = v~ - 1 (the silver mean), and we see clearly a local m i n i m u m of a w ( N ) at N = 408,
which is a d e n o m i n a t o r for the silver mean. These minima agree with those predicted from (52) and (56)
(for l = 0), despite the fact that the final value of K = 0.01 is outside the range of first-order theory.
Fig. 3 shows data obtained from switching to K = 10 - 4 in the case J / ( 2 ~ r ) = ( 3 - x/5-)/2, using the
switching functions A(x) = x and ~ ( x ) = sin 2 (~rx/2), and in the case J / ( 2 ~ r ) = v~- - 1, using A(x) = x.

(~)

/

(b)

/
4

%
x

x

3

2

1
, I

I

I

I

I

I

5

9

13

17

21

N

I

402

I
408
N

t

414

Fig. 2. A measure of nonadiabaticity is the relative RMS-deviation Aw(N) of the winding numbers for initial conditions on the
adiabatic curve ,CAr(see Appendix A). In this figure Aw(N) versus N is shown for the switching to K= 0.01 with h(x)= x: (a)
J/(2~r) = ( 3 - ~ 5 ) / 2 . Encircled are local minima at the Fibonacci numbers 3, 5, 8, 13, and 21; (b) J/(2~r) =
V~ - 1. Encircled is the minimum at N = 408, a denominator for the silver mean.
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Fig. 3. Ln[aw(N)], see caption to fig. 2, versus Ln(N) for the switching to K= 10 4. Solid line: J/(2~r) = (3 - V'5)/2, )~(x) = x,
and N = Fibonacci numbers 3-144. Dashed line: J / ( 2 ~ r ) = f 2 - 1, ?~(x)= x, and N= denominators 2-169. Dot-dashed line:
J/(2~r) = (3 - v/5)/2, ?~(x) = sin2 (~rx/2), and N = 4, 17, 72, 305 (half of even Fibonacci numbers).

Plotted in Ln [ A w ( N ) ] versus L n ( N ) , at values of N corresponding to successive local minima of (51). For
) , ( x ) = x (l = 0 in (51)), and in the golden-mean case, these values of N are the 9 Fibonacci numbers from
3 to 144, while in the silver-mean case N takes the values of the 6 denominators from 2 to 169. For
?,(x) = sin 2 (~rx/2) (l = 1 in (51)), and in the golden-mean case, N = 4,17, 72,305, which are half of even
Fibonacci numbers. When switching to such a small value of K, first-order theory is expected to be
adequate. In fact, fig. 3 shows that, for ~ ( x ) -- x, the data points fall quite accurately on straight lines with
slopes - - 2, while, for ),(x) = sin 2 (~rx/2), they fall on a straight line with slope - - 3. Moreover, for
)~(x) = x, the line of the silver mean lies below that of the golden mean. All this agrees well with the
behavior predicted from (50), (51) and (56). In general, the result (50) was found to be consistent with all
our numerical data for K << 1. Using a variety of infinitely differentiable switching functions, ?~(x) ~ C°%
we have observed an exponential decay of nonadiabaticity, in analogy to the classical adiabatic theorem
[91.

4. Adiabatic switching to larger values of K
4.1. Introduction and numerical examples
W e now consider the case of adiabatic switching
to larger values of K, K < 1, for which rotational
tori still exist but in smaller measure than for
K << 1. In this case general orbits of the standard
map, such as, for example, orbits within island
chains of significant widths, cannot be regarded as
a p p r o x i m a t e rotational toil (36). Thus, the general
perturbation approach of the previous section is
not applicable to this case. We shall therefore

always assume in what follows that a rotational
torus of action J exists at the final value of K.
M o r e general values of J and K will be considered in the framework of a different problem. This
is defined again by the map (33), but with X ( n / N )
replaced by ~ ( n / 2 N ) , where
t•(2x),
~'(x) = I ~.(2-2x),

O<x<l/2,
1/2<x<
1.

(57)

This represents a process where, after switching
f r o m K = 0 to K in N iterations, one switches
" b a c k " to K = 0 in the same n u m b e r N of itera-
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tions (notice that this second part of the process
does not correspond to the inverse map of (33)).
For n < 2 N the adiabatic curve C, is parametrized as in (34). The nonadiabaticity ~J(N) measures then the "distance" of C2N from the initial
torus (3) at K = 0, and is defined as follows:

~J(N)

(58)
It is plausible to assume that the switching
processes described by h(x) and ~ ( x ) are related
in some sense. In fact, the idea of switching on
and then off a coupling constant, as in the process
(57), has been used recently [7] as a criterion for
adiabaticity in nonintegrable systems. In Appendix B we show, to first order in K, that the
nonadiabaticities (35) and (58) are simply related
if one assumes the symmetry (46). Other aspects
of this relation will become apparent later.
We start here with some empirical observations
of numerical data. As a first example, we consider
the extreme case of the switching to the goldenmean torus with w = ( 3 - 7 ~ ) / 2 , at the critical
value K = K c = 0.97163540631... of its disap-
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~
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0.0

nn(N)
Fig. 4. Nonadiabaticities for the switching to the critical
golden-mean torus at K = 0.97163540631, starting from J ( 2 ~ )
= 0.385717404, and using the C2-switching function (53). Solid
line: L n [ A w ( N ) I versus L n ( N ) where N = Fibonacci numbers
from 3 to 6765. Dashed line: L n [ ~ J ( N ) ] , see definition (58),
versus L n ( N ) , where N = Fibonacci numbers from 3 to 6765.
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pearance [17]. The action J associated with this
torus is determined numerically by calculating the
area enclosed between it and the 0-axis. A large
number of points on the torus are found, starting
f ' o m a known point on it, and iterating (1) at
K = K c. The area is then calculated using the
trapezoidal rule. These calculations were all performed in quadruple-precision (128 bits) arithmetic, giving a converged final result J / ( 2 ~ r ) =
0.385717404 . . . . This value differs from that of w
by only about 1%. Fig. 4 shows data obtained
from switching to K = Kc, using the value above
of J/(2~r) and the switching function (53). Plotted
is L n [ A w ( N ) ] (solid line) and, using (57) and
(58), L n [ / ~ J ( N ) ] (dashed line) versus L n ( N ) , for
N taking the values of the 17 Fibonacci numbers
3-6765. These values of N were chosen in analogy
to the case K << 1 with w = J/(2~r) (see previous
section and Appendix B). We see that the behaviors of Aw(N) and ~ J(N) as functions of N are
qualitatively similar (similar behaviors were noticed using other switching functions), indicating a
possible relation between the nonadiabaticities (35)
and (58) even in this extreme case.
We clearly observe in fig. 4 a decay of nonadiabaticity to a minimum value near N = 610
( L n ( N ) = 6 . 4 ) . The decay of Aw(N) is slower
than that predicted from the first-order theory for
the switching function (53) (which is N-4), a fact
presumably due to higher-order effects. Indeed, we
have verified that the adiabatic curves C N for
N < 610 are represented by single-valued functions, so that the behavior of Aw(N) within this
domain of N may be explained i n the perturbation-theory framework of eq. (37), for s large
enough. For N > 610, C N corresponds to a multivalued function, and becomes quite convoluted as
N is increased. Fig. 5 shows the critical goldenmean torus and, on a displaced scale for comparison, the c u r v e C N for N = 2 3 3 (Ln(N)---5.5).
Here the relative deviation of C N from the torus is
only about 0.01%.
As other examples, we show in figs. 6 data
obtained from switching to several values of K in
the two cases J / ( 2 ~ r ) = ( 3 - ~/3-)/2 (fig. 6a) and
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Fig. 5. Upper curve: adiabatic curve C u (n = N in (34)), for
N = 233, obtained from switching to K = 0.97163540631, starting from J / ( 2 ~ ) = 0.385717404, and using the C2-switching
function (53). The coordinates I and 0 stand, respectively, for
I u and ON in (34), and 0 is defined mod2~r. Lower curve (on a
diplaced scale): actual critical golden-mean torus determined
from the work of Greene [17]. The two curves are almost
indistinguishable if overlayed.
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J / ( 2 ~ r ) = v ~ - 1 (fig. 6b), using the switching
process (57) and (53). Plotted is Ln[/~ J ( N ) ] versus
Ln ( N ) , for N taking the values of the 18 Fibonacci
numbers 3-10946 in fig. 6a, and of the 11 denominators 2-13860 for the silver mean in fig. 6b.
We see that, in general, ~J(N) first decays with
N, but then seems to saturate around some
asymptotic value which increases with K. Similar
behavior has been noticed using other switching
functions ~ ( x ) in (57). In most of the cases in figs.
6, we have again observed that C u and C Z N are
represented, for N small, by single-valued functions, and, for N large, by multivalued ones which
become increasingly convoluted as N is increased.
These examples, as well as other numerical data,
seem to indicate that nonadiabatic effects in the
limit of very slow change are quite common, and
cannot be eliminated. In the rest of this section it
is shown, on the basis of a phenomenological
approach to the problem, that these effects are to
be expected in general, as a consequence of the
unavoidable "crossing" of island chains (separatrix crossing) during the switching process.
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Fig. 6. L n [ , ~ J ( N ) ] versus L n ( N ) for the switching to several
values of K, using the switching function (53): (a) J / ( 2 ' r r ) =
(3 - V~)/2, K = 0.5, 0.8, 0.9, 0.97 and N = Fibonacci numbers
3-10946; (b) J / ( 2 ~ ' ) = v / 2 - 1, K = 0 . 8 , 0.94, 0.97 and N =
denominators 2-13860.

4.2. Separatrix crossing and intrinsic

nonadiabaticities
During a switching process the instantaneous
winding number w "changes", in the sense that
tori of action J at different values of K are
generally associated with different irrational winding numbers w(K; J). Between any two of these
numbers one finds an infinity of rational numbers
characterizing resonances. In the case of systems
which remain integrable during the change of
parameters, it is well known [14] that resonances
are crucial in determining the adiabatic conservation of the actions. In these systems, however,
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(3 - f 5 ) / 2 , a t the s w i t c h i n g times (a) N = 55 (b) N = 610 (c) N = 1597 (d) N = 4181. In ( a ) - ( c ) a n u m b e r P = 3000 of p o i n t s o n the
initial t o r u s (3) w a s u s e d (see A p p e n d i x A), while P = 6 0 0 0 in (d).

resonances are usually of zero width (corresponding to "resonance tori"), and their effects are thus
confined to instants. On the other hand, in a
typical nonintegrable system like the standard map
resonance tori are generally destroyed and replaced by island chains having finite widths for
any finite value of K [17]. It is shown here that
these widths lead to nonadiabatic effects which
cannot be eliminated in the limit of very slow
change.
It is useful to introduce first the main ideas by
an example. Consider, for J / ( 2 ~ ' ) = ( 3 - v~-)/2,
the switching to K = 0.97 using (57) with X(x) = x.

Figs. 7 show the adiabatic c u r v e s C N ( x = 1 in
(57)) for N=55,610,1597,4181 (all Fibonacci
numbers). We see that for N = 55, C u is represented by a single-valued function, and this is also
approximately the case for N = 610. For N = 1597,
C u is clearly multivalued, and finally, for N - 4181, it assumes the recognizable structure of the
chaotic separatrix of the 3/8-island chain, lying
below the golden-mean toms. These results can be
understood as follows. Let us assume approximate
adiabatic invariance (see previous section) for a
given sufficiently large value of N, N < 610. Thus,
during the switching process (33) (n < N ) , the
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adiabatic curve (34) approximates, as a single-valued function, successive rotational tori of action J
at values of K close to those in (33). As w(K; J)
approaches the value of w = 3/8, a rotational
torus of action J, close to the upper separatrix
branch of the 3/8-island chain, is approximated
by C, (as in fig. 7b). Here the "separatrix crossing"
starts taking place. This crossing lasts for a certain
number of iterations An, which increases as N is
increased beyond N = 6 1 0 . When An becomes
comparable in magnitude to a typical time-scale
associated with the exponential instability near the
hyperbolic points (see Appendix C), "tendrils"
[32] start appearing in C, (as in fig. 7c). As An(N)
is increased further, these tendrils grow, and the
second (lower) separatrix branch is then approximated by C, (as in fig. 7d). We have verified
(see later) that the crossing takes place near the
end ( n - N ) of the switching process (33). Thus,
the forms assumed by the curves C, during the
crossing are essentially identical to those of the
final curves C N in figs. 7. As for the other island
chains crossed, they turn out to be of much smaller
width than that of the 3/8-island chain (see later),
so that their structure is almost not reflected in the
form of the adiabatic curve.
The main point to be noticed now is that, while
the curves in figs. 7a and 7b may be associated
approximately with an action J (as in (6)), this is
not the case for the curves in figs. 7c and 7d. In
fact, the lower separatrix branch, which starts
developing in these latter curves, should be associated with a different approximate action J ' (corresponding to a rotational torus bounding the
separatrix from below), J ' < J. Thus, the curve in
fig. 7d may be considered approximately as the
superposition of two rotational tori of actions J
and J'. Therefore, as the switching is continued
beyond n = N using (57), and assuming approximate adiabatic invariance for the separate
actions J and J', we expect an overall violation of
action conservation of the order of A J ~ J - J ' .
This is then reflected in a nonadiabaticity (58)
which cannot be made as small as one wishes by
increasing the switching time N. In fact, it is

precisely the increase in N that leads to the development of the lower separatrix branch in C u (fig.
7d), associated with the second action J'. The
quantity J - J ' gives approximately the width of
the island chain (see Appendix C) during the
crossing. It may also be interpreted as an intrinsic
"action uncertainty" within the region of the island chain, where rotational tori do not exist.
When the separatrix crossing is slow enough, this
action uncertainty is reflected in the form of the
adiabatic curve, approximating the structure of
the actual dynamics in this region. We thus see
that a nonvanishing nonadiabaticity (58) in the
limit N ~ ~ should be expected from the unavoidable crossing of finite regions of phase plane,
characterized by intrinsic "action uncertainties".
We shall therefore call it an "intrinsic nonadiabaticity". This term was introduced recently [4] in
a similar context. The intrinsic nonadiabaticity in
our example corresponds to the asymptotic behavior observed in fig. 6a for K = 0.97. Here
the C2-switching function (53) is used instead of
X(x) = x, which leads to a faster development of
the curves C u (at smaller values of N) than that
in figs. 7.
We now present a more detailed analysis of
separatrix crossing, based on a phenomenological
approach to the problem. Our main goal here is to
obtain an estimate of the typical switching time
N = AT, such that for N >> N the adiabatic curve
C u corresponds to a multivalued function associated with an action uncertainty. One may view ~7
as corresponding to the critical slowness parameter for the onset of the intrinsic nonadiabatic
effects. In the domain N < N, where C u can be
represented by a single-valued function, the behavior of the nonadiabaticity may be described
perturbatively by eq. (37), for s large enough. In
the previous section ~7 was assumed to be infinite,
and, in fact, we shall see that for K < < I N is
generally quite large. The two main assumptions
of our approach are as follows: a) For a given
N < A 7, the curve (34) (for all n < N ) is represented by a single-valued function approximating
successive rotational tori of action J during the
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switching process. This assumption is consistent
with the definition of AT, and is supported by
numerical evidence (see, e.g., the examples above).
In order to obtain a good approximation of the
rotational toil by Cn, it is desirable to use switching functions having enough derivatives at the end
points (see previous section), b) N is determined
mostly by the crossing of one main island chain
(associated with the rational winding number w =
p/q), whose width 8J is assumed to be large
relative to that of the other island chains crossed.
The problem of determining this main island chain
is considered later. Implicitly, of course, we are
also assuming that 8J does not change much
during the crossing. This is usually the case for q
large enough.
We may thus assume that at the beginning of
the crossing C n approximates, as a single-valued
function, a rotational toms very close to one separatrix branch of the island chain. This takes place
at a time n = ny (the "crossing time"), near an
intermediate value Ky of K. These two quantities
are determined approximately from

(n y/N ) = Kv/K,
w( Kr; J) -=p/q.

(59a)
(59b)

The winding-number function w(K; J) in (59b) is
well defined near K = Ky provided the chaotic
separatrix layer is thin enough (q and/or K-1 are
sufficiently large). Eq. (59b) can then be solved
accurately by using the expansion (17) up to a
maximal order n < q/2, namely before the appearance of the first small (actually vanishing)
denominator. A much simpler way of solution is
to calculate the function w(K; J) using the adiabatic-switching method itself (see Appendix A and
examples later).
Next, we find an expression for the time duration Any of the crossing. This is determined, using
(59a), from the length AKy of the interval of
K-values in (33) where the crossing takes place.
This quantity is given approximately by

A Ky ~ 8Jy/J(,

(60)
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where 8Jy and Jr' denote, respectively, the width
of the island chain (see Appendix C) and the
derivative of the function J(w = p/q; K) (see (17))
with respect to K, both evaluated at K = Ky. Our
assumption that the width does not change much
during the crossing means that A Ky/Ky << 1.
From (59a) and (60) we then obtain

an~, = NAKJ(KX'y) ~. NSJy/(KX'yJ~),

(61)

where X'v denotes the derivative of X(x) evaluated
at x = n VN.

Finally, N is estimated by comparing Any with
a typical time-scale for the island chain. This can
be interpreted (see Appendix C) as the average
rotation period around an elliptic point, or as the
number of iterations of (1) required for a stretching by a given factor to take place in the direction
of the unstable manifold. It turns out that, for q
large enough, these two quantities can be estimated from essentially the same expression (C.9),
which we denote, for K = Ky, by Ty. This may be
viewed as a typical diffusion time for an approximate constant of motion [25] J in (36), within
the region of the island chain. Thus, for An y >> Ty,
we expect the adiabatic curve to become quite
convoluted, by developing a complex structure in
the form of "whorls" and "tendrils" [32] near the
elliptic and the hyperbolic points, respectively. As
Any ~ oo (limit of very slow change), its length
increases without limit. It is clear that such a
curve cannot approximate with arbitrary accuracy
a definite rotational toms, in particular the toms
(3). It may, however, he viewed as a superposition
of approximate rotational toil (36) with actions J
in an interval of length -¢$Jy. This leads to a
nonvanishing intrinsic nonadiabaticity (58) in the
above limit, reflecting the action uncertainty 8Jy
associated with the island chain. The critical
switching time N for the multivaluedness of Cn
can now be estimated from Any = Ty. Using (61)
we obtain

-- K~'yJy'Tv/SJy"

(62)

The factor Ty/SJy in (62) generally increases very
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fast as K ~ 0 (see Appendix C). This justifies our
assumption of the single-valuedness of C N (infinite AT) for K << 1 in the previous section. In any
case the width 6Jr is generally quite small here,
and the intrinsic nonadiabaticity should be then
insignificant.

4.3. Determining the main island chain crossed
In order to determine the main island chain
crossed, corresponding to the largest width 8Jr, we
first observe that, at fixed K, 8J usually decreases
with increasing denominator q (see, e.g., (C.5) and
(C.6)). We thus start by arranging the rational
numbers p / q , within the range of variation R w of
the function w(K; J), in order of increasing denominators q. This can be done by using the idea
of the Farey tree [33]. We first determine a pair of
rational numbers w = p / q and w' = p ' / q ' (w >
w'), defining a small interval containing R~ and
having the property of being "neighbors", namely
pq' - p'q = 1.

(63)

Such a pair can be easily found, for example,
within the sequence of successive truncations of
the continued-fraction expansion of some irrational number in R w. We then construct the
mediant ~ = ( p + p ' ) / ( q + q'). It can be shown
that among all rational numbers in the interval
(w', w), ~ has the smallest denominator. Moreover, V/ is neighbor to both w and w', so that
from the pairs (w', ~) and (V~, w) one can construct, by the mediant operation, two rational
numbers having the smallest denominators in the
respective intervals. This procedure generates at
the mth iteration 2 m- 1 new numbers forming with
the previous ones 2 m neighboring pairs. As
m ---, oo, the set of all numbers generated in this
way is the Farey tree associated with the interval
(w', w). Any rational number in this interval appears exactly once in the tree. It is easy to see
from the construction how the tree can be used to
arrange all rationals in R~. in order of increasing
denominators.

Next, we calculate the widths 6Jr on the Farey
tree. Generally, only the first few generations have
to be considered. It can well happen that for some
denominators q and q', with q > q', 6Jv > 8Jr, if,
for example, K v > K'r. These cases can be easily
identified by inspection once the behavior of the
function w(K; J ) is known. We find quite often
that w(K; J ) is monotonous in a relatively large
domain of K including K = 0. This is useful, for
example, in the case of an irrational value of
J / ( 2 w ) = w ( K = 0; J). Consider the rational approximants p / q of J / ( 2 r r ) within R~. As
[ J / ( 2 w ) - p / q [ increases, q decreases, the corresponding value of K r in (59b) increases, and the
width 6Jr thus generally increases. Using this fact,
the main island chain crossed is then easily determined.

4.4. Illustrations and numerical evidence
We now illustrate our approach by reconsidering the examples in figs. 4 and 6. Further numerical evidence, supporting our predictions, is also
presented. Our main goal here is to show how the
asymptotic behavior of the nonadiabaticity can be
associated with the crossing of one main island
chain. We start with the examples in figs. 6. Let us
determine first the winding-number function
w(K; J ) for both J / ( 2 r r ) = ( 3 - ~ - ) / 2
and
J / ( 2 w ) = ~ / 2 - 1. This was calculated accurately
(up to four significant figures) in the domain K <
0.92, by using the adiabatic-switching method itself (see Appendix A for details). Figs. 8 show, for
both values of J/(2~r), the function w(K; J ) obtained by adiabatic switching (solid line), and by
inverting (17) to second order (dot-dashed line)
and to fourth order (dashed line), using (30) and
(32). It can be seen that the agreement between
the numerical results and the theoretical ones is
generally better in fig. 8a than in fig. 8b. This can
be attributed to the fact that the perturbation-theory expansions converge faster for the golden mean
than for the silver mean, due to the more pronounced effect of small denominators in the latter
case. For 0.92 < K < 0.97, w(k; J ) was calculated
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Table I
Widths 8Jr of main island chains crossed near K = Ky,
when switching to a m a x i m a l value of K = 0.97 in the two
cases J / ( 2 o r ) = (3 - ~ - ) / 2 (golden mean) and J / ( 2 o r ) = ~ 2 - 1

(~)

(silver mean).

p/q

0.380
"~\\ \

0.378
i

0. i

I

0.3

0.5

I

I

8/21

0.48

(1.3 _+ 0.01) x 10 5

0.78

(1.31 + 0.01) × lO 4

14/37
3/8

0.9
0.95

(0.55 _+ 0.01) x 1 0 3
0.04

0.9

0.7

S / ( 2 ~r) = ~/2
19/46
26/63
7/17

J

(b)
0.414

0.413

0.412
I

i\

I

0.3

0.5

~-)/2

11/29

K

0.1

~

J / ( 2 q r ) = (3

:\ \ \
?:, ..

I

Ky

0.7

0.9

K

Fig. 8. The winding-number function w(K; J) for (a) J / ( 2 c r )

= (3 - ¢ ~ ) / 2 . Solid line: adiabatic-switching results obtained
from (A.3) with N = 987, n = 10946, using the C2-switching
function (53). Dot-dashed and dashed lines: perturbation-theory results to second and fourth order in K, respectively. (b)
J / ( 2 ~ r ) = Vc2 - 1. Solid line: similar to (a), but with N = 985,
n = 13860. Dot-dashed and dashed lines: as in (a).

by adiabatic switching with less accuracy, due to
the natural uncertainty in w associated with
chaotic separatrices. This accuracy was found,
however, to be sufficient for our purposes.
Next, we determine the main island chains
crossed when switching to the values of K in figs.
6. To this end, we construct first the Farey trees in
the ranges of variation R w of w(K; J). It is
sufficient to consider the maximal range R w, corresponding to the switching to K = 0.97. A pair of
rational numbers which are neighbors (see (63)),
and which define an interval containing this

0.78
0.93
0.97

1
(1.1 + 0.1) × 10 5
(0.23 _+ 0.01) X 10 3

undefined

range, is easily found. It is the (1/3, 2 / 5 ) pair for
J/(2~r) = (3 - V~-)/2, and the (2/5, 5 / 1 2 ) pair for
J/(2 ~r) = v~- - 1. By considering the first few generations of the corresponding Farey trees (restricted to R w), we calculate numerically the widths
Mr (see Appendix C) at the crossing points Ky in
(59b). Using the monotonicity of w(K; J) (see
figs. 8 and the remark at the end of section 4.3),
the main island chains crossed are then easily
determined.
For the switching to K =
0.5, 0.8, 0.9, 0.97 (fig. 6a), these correspond, respectively, to p / q = 8 / 2 1 , 1 1 / 2 9 , 1 4 / 3 7 , 3 / 8 .
Similarly, for K = 0 . 8 , 0 . 9 4 , 0 . 9 7 in fig. 6b, p / q =
1 9 / 4 6 , 2 6 / 6 3 , 7/17, respectively. The corresponding crossing points Kv and the widths 8Jr are
listed in table I. The values of Ky suffer of the
natural uncertainty (60), which is relatively small
except for the cases p / q = 3 / 8 , 7 / 1 7 . In these
cases the listed values of Kv and of 8Jr should be
merely considered as estimates. The value of 8Jr
for p / q = 7 / 1 7 , listed as "undefined", is apparently quite large, due to considerable overlapping with neighboring island chains at K = 0.97.
Notice that in all cases Ky _< K, namely the main
island chain is always crossed near the "top" of
the switching process (57).
Let us now verify whether the behavior of the
nonadiabaticity in figs. 6 can indeed be associated
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52395.0

components of orders multiples of 29, reflecting
thus a structure which can be associated with the
crossing of the ll/29-island chain. Moreover, we
have determined that C2N starts acquiring significant multivaluedness between N - - 2584 and N =
4181. This is consistent with the estimate A7= 7000
from (62), if we notice that in the switching process (57) every island chain is crossed twice in a
symmetrical fashion around x = 1/2, so that C2N
should become multivalued already for N _< N / 2
-- 3500. Similarly, for all other cases in figs. 6, we
have observed that the form of the adiabatic curves
clearly reflects typical structure of the main island
chains crossed in the respective cases, as predicted
above.
As other evidence, we have attempted to relate
empirically the apparent value of the intrinsic
nonadiabaticity, as estimated from the asymptotic
behavior in figs. 6, and the action uncertainty
given by the width 8Jv in table I. Such a relation
was found in the cases of the switching to K = 0.8,
0.9, 0.97 (fig. 6a) and K = 0.94, 0.97 (fig. 6b). It is
given approximately by

~ J ( N ) = 0.26Jr,

Fig. 9. Adiabatic curves C2N for (a) N = 1597, (b) N = 10946,
corresponding to the switching to a maximal value of K = 0.8,
using (57) with (53), and for J/(2~r) = (3 - v/5 )/2. The coordinates I and 0 stand, respectively, for 12N and 02N in (34), I
is defined relative to the position of the initial toms (3), and 0
is not mod2cr.

with the crossing of the main island chains determined above. As numerical evidence for this,
we first check if the form of the adiabatic curves,
for the switching to a given value of K, reflects
typical dynamical structure of the corresponding
island chain. As shown in figs. 7, this is indeed the
case for the switching to K = 0.97 in fig. 6a. As a
second example, consider the switching to K = 0.8
in fig. 6a. In figs. 9 we plot the corresponding
adiabatic curves C2N (at the end of the switching
process (57)), for N = 1597 (fig. 9a) and N = 10946
(fig. 9b). The coordinate I in these figures is
defined relative to the position of the initial torus
(3). Both curves exhibit clearly strong Fourier

(64)
where N is in the asymptotic domain in figs. 6.
The corresponding adiabatic curves CZN were
found to be indeed highly convoluted, reflecting
the intrinsic action uncertainties. This is consistent
with the values of N, as estimated from (62),
which are well inside the domains in figs. 6 for all
cases above. For K = 0.97 in the silver-mean case
(fig. 6b), the width 8Jv is "undefined", and, in
fact, f~J(N) seems to increase at large N, presumably due to diffusion within the 7/17-stochastic layer which strongly overlaps with neighboring
island chains. Nevertheless, using for 6Jr the value
obtained from the empirical formula (C.6), relation (64) still gives a value of/~ J ( N ) which agrees
with that observed in the asymptotic domain in
this case. We have verified that when switching to
other values of K, close to the ones above, the
values of ,~J(N) in the asymptotic domain do not
change essentially, provided the corresponding
main island chains crossed are the same as before.
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For K = 0.5 (fig. 6a) and K = 0.8 (fig. 6b), the
observed asymptotic values of AJ(N) are much
smaller than those predicted from the empirical
formula (64). This can be understood from the
fact that in these cases the critical switching time
in (62) is well beyond the domains in figs. 6.
For example, N -- 3 × 10 6 in the case of the crossing of the 8/21-island chain ( K = 0.5 in fig. 6a).
We have, indeed, verified that the adiabatic curves
in these cases are represented by single-valued
functions on the entire domains of N in figs. 6.
These curves have not developed enough structure
characterizing the corresponding main island
chains crossed, and cannot therefore be associated
with the intrinsic action uncertainties. Thus, the
apparent asymptotic behaviors in these cases do
not represent the intrinsic nonadiabaticities, which
emerge only for N >> bT.
Finally, we consider the example in fig. 4. We
find in this case that the main island chain crossed
is that corresponding to p/q = 13/34 (lying above
the golden-mean torus). The crossing point and
the width are, respectively, Kv = 0.925 and My =
(0.83 + 0.01) X 10 -3. The 5/13-island chain, which
is crossed near K~=0.52, turns out to be of
comparable width 8Jr = (0.25 _+ 0.01) × 10 3.
Nevertheless, the 13/34-island chain appears to
be dominant in determining the nonadiabatic
effects of fig. 4. Thus, for example, the adiabatic
curve C N starts acquiring significant multivaluedness, reflecting clearly the structure of this island
chain, between N = 377 and N = 610. This is consistent with the estimate N---500 from (62). The
corresponding curve C2N for the switching process
(57) becomes multivalued much earlier, and is
quite convoluted for N = 610. Using the empirical
formula (64), with 8Jr equal to the width above of
the 13/34-island chain, we find [34] that
Ln[z~J(N)] = - 8 . 8 , which is consistent with the
values near the minima in fig. 4. We have verified
that the increase of nonadiabaticity for N > 610 is
due to diffusion within stochastic layers which
strongly overlap with the chaotic separatrix of the
13/34-island chain for K = K c.
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5. Summary and conclusions
This paper presents a first study of adiabatic
invariance in a typical nearly integrable system,
the standard map, under slow changes of the
stochasticity parameter K ( K < 1). We first develop a fixed-action representation of the
rotational tori, and connect it with the KAM
representation at fixed winding number. Adiabatic
invariance is then defined in terms of the closeness
of adiabatically-switched K = 0 tori to tori associated with the initial action at the final value of K
(assuming these tori exist). For K << 1, the orbits
of the standard map are almost "horizontal", resembling nearby rotational tori. This allows for a
perturbation approach to the problem, where a
general orbit is associated with an action or approximate constant of motion [25] to a given order
in K. In this way exact dynamics can be approximated by essentially a power-series expansion in both K and a slowness parameter. We
have verified adiabatic invariance to second order,
and shown that the decay of nonadiabaticity with
the slowness parameter is related to the number of
continuous derivatives of the switching function.
This is analogous to the classical [11] and quantum [31] adiabatic theorem.
When switching to larger values of K, K < 1,
one has to take into account the crossing of resonances during the switching process. Unlike multidimensional integrable systems, where resonances
are usually of zero widths ("resonance tori"), in a
typical nonintegrable system like the standard map
resonance tori are generally destroyed and replaced by island chains of finite widths for any
finite value of K. These widths define the intrinsic
"action uncertainties" in the regions of the island
chains, in the sense that rotational tori do not
exist in these regions. We have shown, on the basis
of a phenomenological approach to the problem,
that separatrix crossing leads in general to nonadiabatic effects in the limit of infinitely slow
change. These effects reflect the intrinsic action
uncertainties associated with the main island
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chains crossed. The latter are determined from the
Farey tree in the range of variation of the winding
number. We derive an estimate of the critical
slowness parameter, corresponding to the onset of
the intrinsic nonadiabatic effects. It involves typical time-scales associated with the main island
chains crossed. These time-scales may be viewed
as diffusion times for the approximate constants
of motion within the corresponding island chains.
Our approach thus indicates the existence of
two main domains of slowness parameters: a) The
domain of "fast" changes (relative to the critical
slowness parameter), where the behavior of the
nonadiabaticity may be described by the perturbation-theory approach of section 3. This domain
generally increases as K is decreased, b) The
domain of relatively slow changes (beyond the
critical slowness parameter), where the intrinsic
nonadiabatic effects, due to separatrix crossing,
start emerging. Presumably, the minimal nonadiabaticity is attained for an intermediate slowness parameter, which may be viewed as the "best"
compromise between fast changes and very slow
changes leading to the intrinsic nonadiabaticities.
This intermediate parameter could not be determined exactly by our phenomenological approach. It is plausible to assume, however, that it
is generally close to the critical parameter, as we
have noticed in various numerical data (e.g., in
figs. 4 and 6). Its precise value, as well as the
minimal nonadiabaticity, should depend to a large
extent on the switching function used.
Two domains of slowness parameters emerge
naturally also in the problem of quantum adiabatic invariance in a one-dimensional system
characterized by an avoided crossing of two energy-level curves [3]. Far from the gap region of
the avoided crossing, the actual quantum states on
the two curves can be approximated by the semiclassical states, associated with two classical tori
having quantized actions. As the parameters are
slowly changed, the system reaches the gap region,
and stays there for a time At. If At < T, where T
is of the order of h/AE and A E is the energy
gap, the semiclassical state "jumps" the gap, and

continues to be associated with the "same" torus
(actions are "conserved"). If, on the other hand,
At >> T, the quantum state remains on the same
energy-level curve (by the quantum adiabatic theorem), and the corresponding semiclassical states,
before and after the passage through the gap
region, are generally associated with different tori
(actions are " n o t conserved"). The energy gap A E
corresponds to an uncertainty in action in the
region of the avoided crossing (the actual quantum state there is a superposition of semiclassical
states associated, in general, with different tori).
This uncertainty decreases exponentially with h
[3]. We thus see a clear analogy between this
problem and ours. Namely, the gap region is
analogous to an island chain which is crossed
during the switching process, and h, AE, and T
correspond, respectively, to the nonintegrability
parameter K, the intrinsic action uncertainty or
width 6Jr, and a typical time-scale Tv. The "conservation" of actions when "jumping" the gap for
At < T ("diabatic change") corresponds, in our
problem, to a relatively small nonadiabaticity attained while preserving the basic rotational topology (single-valued adiabatic curves). Diabatic
changes in the presence of avoided crossings are
important for the success of the adiabatic-switching method of semiclassical quantization [5].
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Appendix A

then given by

We introduce here a measure of nonadiabaticity
given by the relative RMS-deviation of winding
numbers for initial conditions on the adiabatic
curve (34). We also show how adiabatic switching
can be used for an accurate determination of the
winding-number function w( K; J).
In general, the adiabatic curve C, in (34) is
obtained numerically by iterating n times with
(33) a large number P of points on the torus (3),
given by 0 = O(i) = 2rri/(P + 1), i = 1 . . . . . P. Unless otherwise specified, we have chosen P = 1000
in all our calculations. Let us assume that C u
crosses only regions of high-order separatrices
(" weak chaos"), where the winding number is well
defined. Then, given some point on C N with angular coordinate G(O; J, N) (see (34b)), we associate
with it the winding number (2), with 0 0 G(O; J, N). The limit in (2) is calculated approximately by using a finite number n of iterations of the map (1):
0, - 00
w --- 2rrn

(A.1)

The accuracy of the approximation (A.1) can be
estimated using relation (18). The periodic functions g,(a) in (19) contain only sine harmonics
sin(ma), m < n (see (21)-(23)). Thus, if n in (A.1)
is equal to some denominator q,, in (5), it follows
from continued-fractions theory [24] that

w

00 - 0 o KY(00; w, n)
2~rn -<
n2
'
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(A.2)

where ,/(00; w, n) is a periodic, zero-average function of 0o, and the approximate equality in (A.2)
holds for w equivalent to the golden mean (see
(55)). If n in (A.1) is arbitrary, n 2 in (A.2) is
replaced by n.
With n fixed the calculation (A.1) is performed
for all P points on C u with angular coordinates
0(oi) = G(O(°; J, N). The corresponding values of
w in (A.1) are denoted by wi(N ). The average
winding number wa(N) associated with C u is

i=1

i=1

(A.3)
Since "/(0o; w, n) in (A.2) is a zero-average function of 0o, the quantity (A.3) can be calculated
with high accuracy by choosing P large enough,
and is then much less dependent on n than (A.1).
The winding numbers wi(N ) may now be calculated more accurately by taking n in (A.1) to be
equal to the denominator %, of some rational
approximant to wa(N ). Here qm is chosen as large
as possible, consistently with the accuracy in the
calculation of wa(N).
Assuming adiabatic invariance, the windingnumber function w(K; J) can be determined accurately from the quantity %(N), as N ~ ~ .
Usually we observe that Wa(N) saturates rapidly
to its limiting value, if a switching function with
enough derivatives is used. Thus, for example, the
function w(K; J) for J/(2~r) = (3 - ~ - ) / 2 (fig.
8a) was calculated from (A.3) with N = 987 and
n = 10946 (Fibonacci numbers), using the switching function (53). In the case J / ( 2 ~ r ) = v ~ - - 1
(fig. 8b), the same switching function was used,
but N = 985 and n = 13860 (denominators for the
silver mean).
A measure of nonadiabaticity is now defined by
the relative RMS-deviation of the winding numbers wi(N):

Aw(N)

=

[1,

E (w

(N)-wa(Ni)

?

/Wa(NI.

i=l

(A.4)
Unlike Wa(N), Aw(N) in (A.4) is fully affected
by the limited accuracy of the approximation (A.1).
Thus, as N--+ oe, we expect A w(N) to saturate
around some asymptotic value Aw, determined by
(A.2):

Aw(N)>Aw..
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The domain of switching times N where the decay
of nonadiabaticity can be observed is then limited
by the choice of n in (A.1). And, by increasing n
one increases almost proportionally the computer
time required for the calculation of (A.4). We have
chosen n = 10946 (Fibonacci number) for calculating the data reported in figs. 2a and 4, n = 17711
(Fibonacci number) for the data in fig. 3 (goldenmean case), and n = 13860 (denominator for the
silver mean) for the data in figs: 2b and 3 (silvermean case).

(ON=Oq-NJ)

into (58), and comparing the resuits, we arrive at the desired relation:

~ J ( N ) = 2JIsin (N J~2)[AJ(N).

(B.4)

Combining the results (B.4), (50) and (56), we see
that at the switching times N = 2 N m ~ J ( N ) decays essentially as N - l - 3 for l even in (44), and as
N l-2 for l odd.

Appendix C
Appendix B
We derive here a relation betwen the nonadiabaticities (35) and (58) to first order in K, assuming the symmetry (46). It follows from this
symmetry that h(2 - 2x) = 1 - h(2x - 1) in (57).
Using this and (41), we calculate I2N in (34):
2N

I2u=J+

1

Y'~ K ~ ( n / 2 N ) s i n ( O + n J )
n=0
2N-1

=J+K

~

sin(O+nJ)

We derive here estimates for the widths and
typical time-scales associated with island chains.
We recall first some basic facts about periodic
cycles of the standard map [17]. For a given
rational number w = p / q and K small enough,
there are two periodic cycles with winding number
w, consisting of q points each. These cycles are
characterized by a quantity R, called the residue,
which is positive for one cycle and negative for the
other. The residue determines the eigenvalues e of
the stability matrix around the cycle points:
e = 1 - 2R -4- 2 J R ( R -

n=N

1)11/2 .

(c.1)

N-1

If the positive-residue cycle has R < 1, the cycle is
linearly stable (elliptic) with lel = 1. Initial conditions in the vicinity of a cycle point essentially
rotate around it, with an average rotation
frequency u given by

+K ~_, )~(n/N)sin(O+nJ)
n=O
N-1

- K ~ X ( n / N ) s i n ( O + NJ + n J )
n=O

= J + A N ( O N ) --AN(ON+NJ ).

(B.1)

It is easy to see from (41) that AN(ON)contains
only first-order harmonics in ON,
A N ( ON ) = a s i n O N -4- b c o s ON,

(B.2)

where a and b are some constants. Then

AN(ON) -- AN(O N+ N J) = 2sin(N J/2)
× [b sin (0 u - NJ/2) - a cos ( ON - N J~2)].

(B.3)
Substituting (B.2) into (35) and (B.1) with (B.3)

sin 2 ( rrqv) = R.

(C.2)

If R > 1 or R < 0 (hyperbolic cycles), one eigenvalue is e 1, [ e l l < l , and the other is e2=e{ 1,
le21 > 1. This leads to a local instability which is
manifested, in the case of the negative-residue
cycle, in a chaotic separatrix connecting the hyperbolic points. A well-known expression for the
residue R of a given cycle is [17]

] R l = y f q,

(C.3)

where 3' = 0.25 and f, the "mean residue", is
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roughly linear in K,
(C.4)

f= aK+ ....

The coefficient a is generally of the order of 1,
a >_ 1. Thus, for K small enough, it follows that
IRI << 1, especially if q >> 1. In this case the positive-residue cycle is always stable (elliptic), while
the negative-residue one is only slightly unstable,
leading to a narrow separatrix layer ("weak
chaos").
Let us now consider an island chain associated
with the rational winding number w = p / q . We
assume the chaotic separatrix to be bounded by
two rotational toil (boundary circles). The width
8J of the island chain is then defined by 8J =
IJ1-J21, where J1 and J2 are the actions of the
two toil. To estimate 8J we notice first that, by
definition, 2~rSJ is the area covered by the island
chain. For K << 1, this area can be estimated as
follows. The ratio of minor to major axes of an
invariant ellipse around a given elliptic point is
nearly equal, for R << 1, to R1/2/b [17]. Here b is
one of the parameters defining the stability matrix, and generally varies from point to point on
the cycle. For K small enough, however, one can
easily show that b is roughly equal to q/2, independently of the cycle point. Approximating then
the island chain by q identical ellipses, each with a
major axis equal to 2~r/q, and using (C.3) and
(C.4), we estimate the area obtaining

¢r 2R1/2

6J=q(q] b

2Kq/2
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We now estimate typical time-scales associated
with the island chain. For the elliptic cycles (0 <
R < 1), a natural time-scale is the average rotation
period Te around a cycle point, Te = v-1, where v
is given by (C.2). For R << 1 one obtains

Te = ~qR-1/2.

(C.7)

For the hyperbolic cycle (R < 0), a typical timescale T h may be defined as the number of iterations n required for a stretching by a given factor
z to take place in the direction of the unstable
manifold. Thus, one h a s e ~ / q • g, where e 2 is the
largest eigenvalue in (C.1), e 2 > 1, and the denominator q appears in the exponent because
(C.1) is defined relative to q iterations. For IRI << 1
we then obtain
Th = Ln (1q+Ln
z
=
21R11/2)

qlRI -x/2.

(C.8)

For an estimate, one can choose the value of z to
be of the order of 1, e.g., z = 2. We then see that
both (C.7) and (C.8) can be estimated from essentially the same expression. Our standard choice in
(62) is the expression

T = qlR1-1/2 = 2qK -q/2'

(c.9)

where we have used (C.3) and (C.4). Notice that
all expressions (C.7)-(C.9) are inversely proportional to 8J in (C.6).

(C.5)

2q 2"
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