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Boundary conditions of normal and anomalous diffusion from thermal equilibrium
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Infiltration of diffusing particles from one material to another, where the diffusion mechanism is either normal
or anomalous, is a widely observed phenomenon. Starting with an underlying continuous-time random-walk
model, we derive the boundary conditions for the diffusion equations describing this problem. We discuss a
simple method showing how the boundary conditions can be determined from equilibrium experiments. When
the diffusion processes are close to thermal equilibrium, the boundary conditions are determined by a thermal
Boltzmann factor, which in turn controls the solution of the problem.
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I. INTRODUCTION

Diffusion as an important and widespread process has
attracted attention for many years. In the last several decades
increasing attention has been devoted to anomalous diffusion,
namely 〈x2(t)〉 ∝ tα as t → ∞ and α �= 1 [1–3]. Here x(t)
is the random displacement of a moving object, and the
angle brackets denote ensemble averaging. Description of
anomalous diffusion in terms of an integro-differential equa-
tion requires solution of different initial and boundary value
problems. However, due to the nonlocal temporal or spatial
character of anomalous diffusion, boundary value problems
are not trivial [4–9]. In fact, determining what the boundary
conditions for anomalous diffusion are is not a solved problem.

An important example of diffusion is infiltration of particles
from a material located in x < 0 to a material in x > 0 [9].
Infiltration is a widely investigated process in many fields
of physics. Throughout the paper we limit our discussion
to one-dimension unbiased and symmetric motion in the
bulk, which nevertheless may lead to a net drift due to the
boundary effect (see details below). Recently much focus
has been diverted to the problem when the diffusion is
anomalous. Modeling these diffusion processes using standard
or fractional diffusion equations, one has to know the boundary
conditions relating the limiting values on either side of x = 0
of the particles density P (x,t) and its spatial gradient. One
boundary condition is well known and needs no further
discussion: The probability current must be balanced so
that normalization is conserved (conservation of number of
particles); see some details below. Previous works use a second
boundary condition that demands the constant ratio of the
concentrations at two sides of the boundary located at x = 0,
namely, P (x,t)|x=0− = κP (x,t)|x=0+ , where κ was assumed to
be equal to κ = 1 [10] or κ = const. [11]. However, the relation
of κ to microscopic parameters of the underlying model, or to
physical observables, is still unknown.

For normal and anomalous diffusion the parameter κ should
be determined from a random-walk theory. A rather general
boundary condition for normal diffusion was obtained in
Ref. [12], and for anomalous diffusion an unbiased boundary
condition was suggested in Refs. [13,14] (see details below).
Here we rederive the boundary conditions in Ref. [12] and
extend them to the anomalous domain, which as mentioned is
of current interest.

Relating boundary conditions to a mathematical model of
random walk is not sufficient from a physical point of view,
since it merely replaces the unknown κ with parameters of
the underlying random walk, which in turn are not known in
experiments. Thus, not surprisingly the boundary conditions
turn out to depend on microscopical details of the model,
which, importantly, we relate to macroscopic observeables
in equilibrium. Thus, an equilibrium experiment (with finite-
sized samples located in −L < x < 0 and 0 < x < L) can be
used to determine the boundary condition, which in turn yields
the infiltration process out of equilibrium.

II. NORMAL DIFFUSION

First, we consider composite normal diffusion. Let P (x,t)
be the probability density function (PDF) of finding a particle
at time t in (x,x + dx), which yields the concentration of
an ensemble of noninteracting particles. In the continuum
description the evolution of P (x,t) is described by

∂P (x,t)

∂t
= D− ∂2

∂x2
P (x,t), x < 0,

(1)
∂P (x,t)

∂t
= D+ ∂2

∂x2
P (x,t), x > 0,

where D− and D+ are two diffusion constants of samples in
x < 0 and x > 0, respectively. In the following all quantities
associated with materials in x < 0 and x > 0 will be denoted
with superscripts − and +. The boundary between two mate-
rials on x = 0 is reduced to a point. The textbook [15] gives
the solution of these equations with rather general boundary
conditions. The first boundary condition is a well-known
flux conservation due to the conservation of particles (or
probability) and the second boundary condition P (x,t)|x=0− =
κP (x,t)|x=0+ , where κ is a constant. As mentioned, for normal
diffusion, κ was obtained in Ref. [12]. Here we rederive this
boundary condition using a different method and propose
a physical method to determine the boundary conditions in
experiment.

Corresponding to Eq. (1) a random-walk model is defined
on a one-dimensional lattice with lattice spacing a, which
eventually will be taken to zero in order to approach the
continuum limit in Eq. (1). The lattice point x = 0 is the
boundary between material in x < 0 and x > 0 (in this section
x = ai, where i is an integer). When a particle is in the material
x < 0, i.e., (i < 0) or x > 0 (i > 0) it has a probability 1/2 to
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jump to one of its nearest neighbors; i.e., a particle performs
an unbiased random walk. The rate of jumps in each sample is
R− and R+, respectively. These rates give diffusion constants
in each sample according to the Einstein relation [1,16]

D− = R−a2/2, D+ = R+a2/2. (2)

On the boundary x = 0 a particle may jump with probability
q− to the lattice site x = −a, and with probability q+ = 1 −
q− to the lattice site x = a. The rate for these jumps is R0.
The asymmetry in jump probability at a single point is called a
biased boundary [12]. The master equation that describes this
process is given by

∂P (x,t)

∂t
= R−

2
[P (x + 1,t) + P (x − 1,t)

−2P (x,t)], x < −1,

∂P (−1,t)

∂t
= R−

2
P (−2,t) + q−R0P (0,t)

−R−P (−1,t), x = −1,

∂P (0,t)

∂t
= R−

2
P (−1,t) + R+

2
P (1,t)

−R0P (0,t), x = 0,

∂P (1,t)

∂t
= R+

2
P (2,t) + q+R0P (0,t)

−R+P (1,t), x = 1,

∂P (x,t)

∂t
= R+

2
[P (x + 1,t) + P (x − 1,t)

−2P (x,t)], x > 1. (3)

Here we have a = 1. Notice that while a,R−,R+ are related to
the diffusion coefficients in samples in x < 0 and x > 0 via the
Einstein relations [Eq. (2)], we have two free parameters q−
or q+ = 1 − q− and R0, which the reader expects to control
the boundary condition in the continuum description [Eq. (1)].

III. DERIVATION OF PHYSICAL BOUNDARY
CONDITIONS

The first boundary condition is the well-known flux conser-
vation: Due to the conservation of particles we have

D− ∂P (x,t)

∂x

∣∣∣∣
x=0−

= D+ ∂P (x,t)

∂x

∣∣∣∣
x=0+

. (4)

To derive the second boundary condition let us define occupa-
tion probabilities in x > 0 and x < 0 as

P+(t) =
∞∑

x=1

P (x,t), P−(t) =
−1∑

x=−∞
P (x,t). (5)

Clearly, we have

P+(t) + P−(t) + P (0,t) = 1. (6)

Equations of motion for occupation probabilities derived from
Eq. (3) by summing over x (e.g., over x = 1, . . . ,∞) are given
by

dP+(t)

dt
= R0q

+P (0,t) − R+

2
P (1,t),

dP−(t)

dt
= R0q

−P (0,t) − R−

2
P (−1,t),

dP (0,t)

dt
= R−

2
P (−1,t) + R+

2
P (1,t) − R0P (0,t). (7)

In the limit t → ∞ the time derivatives in these equations
approach zero. Hence, using q− + q+ = 1, Eq. (7) yields the
boundary condition for this problem in the long-time limit

q+R−P (−1,t) = q−R+P (1,t). (8)

In the continuum approximation Eq. (8) translates into

q+D−P (x,t)|x=0− = q−D+P (x,t)|x=0+ . (9)

From Eq. (9) we find κ , which was obtained in Ref. [12] using
a different method:

κ = q−D+

q+D− . (10)

Equation (9) shows that the commonly assumed continuity
boundary condition P (x,t)|x=0− = P (x,t)|x=0+ , where κ = 1,
is generally not valid (see also Ref. [13]). The boundary
condition Eq. (9) is strictly valid only in the long-time limit. For
short times the random walk and the continuum approximation
are not identical, as is well known: e.g., the Gaussian central
limit theorem is valid only in the long-time limit. Also notice
that the boundary condition Eq. (9) is independent of R0

reflecting the long-time limit, where the time a particle spends
on the boundary is not important. This is an encouraging
(though maybe expected) result, since it indicates that at
least some physical characteristics of the boundary x = 0 are
unimportant.

Still, so far the solution is not encouraging from the
experimental point of view. Once we showed that R0 is not
important parameter, our equations and boundary conditions
have three free parameters: D− and D+ are easily determined
from the bulk experiments in materials x < 0 and x > 0,
respectively. However, q− or q+ = 1 − q− are unknown to the
experimentalist observing the diffusion process, and clearly
they will depend on the details of the boundary between two
systems in some complicated way. The last free parameter
(e.g., q+) can be determined as follows. Consider a finite
system where material in x < 0 is restricted by (−L,0)
and material in x > 0 by (0,L). Now let particles attain an
equilibrium in this system; then for large but finite L,

P eq(x) =
{

Q/L, 0 < x < L,

(1 − Q)/L, −L < x < 0.
(11)

The constant Q is clearly given by

Q

1 − Q
= # of particles in (0,L)

# of particles in (−L,0)
, (12)

when the number of particles is large (thermodynamic limit),
and hence Q can be extracted in principle from an equilibrium
observation. If the system is in thermal equilibrium, then
the particles’ energy of occupying system in −L < x < 0 is
assumed to be �E larger than the energy in system 0 < x < L

[17], and hence we have

1 − Q

Q
= exp

(
−�E

kbT

)
, (13)

051113-2



BOUNDARY CONDITIONS OF NORMAL AND ANOMALOUS . . . PHYSICAL REVIEW E 83, 051113 (2011)

where T is the temperature and kb is the Boltzmann constant.
On the other hand, the boundary condition Eq. (9) yields

q−D+Q = q+D−(1 − Q), (14)

which gives

κ = q−D+

q+D− = exp

(
−�E

kbT

)
, (15)

or the boundary condition for the open system

P (x,t)|x=0− = e
− �E

kbT P (x,t)|x=0+ . (16)

In principle �E and T are measurable physical quantities;
hence we have related the boundary condition to observables.
In the absence of the thermal bath the Boltzmann factor is
replaced by the ratio on the right-hand side of Eq. (12). Note
that similar arguments were used by Einstein to determine the
fluctuation dissipation relation. Our approach uses a similar
strategy to find a relation between the boundary condition of
our process and thermal equilibrium [Eq. (16)].

IV. COMPOSITE SUBDIFFUSION

We now consider the case of composite subdiffusion. The
fractional diffusion equations in samples x < 0 and x > 0 that
describe the dynamics are [2,18–22]

∂P (x,t)

∂t
= 0D

1−α
t K− ∂2

∂x2
P (x,t), x < 0,

(17)
∂P (x,t)

∂t
= 0D

1−α
t K+ ∂2

∂x2
P (x,t), x > 0,

where the Riemann-Liouville operator 0D
1−α
t is defined as

[2,23]

0D
1−α
t P (x,t) = 1

�(α)

∂

∂t

∫ t

0
dt ′

P (x,t ′)
(t − t ′)1−α

, (18)

where 0 < α � 1. K− and K+ are anomalous diffusion
coefficients with units m2/sα . As is well known the frac-
tional diffusion equation (17) with K− = K+ = K yields
for particles starting on the origin 〈x2(t)〉 = 2Ktα/�(1 + α).
For α = 1 Eq. (17) reduces to standard composite diffusion
[Eq. (1)].

We now use the continuous-time random-walk (CTRW)
model to derive boundary conditions for the fractional diffu-
sion [Eq. (17)]. For that aim we need the probabilities of finding
the particles in domain x > 0 and x < 0. These probabilities
are soon obtained.

A. CTRW model

We define a CTRW on a one-dimensional lattice with lattice
spacing a, which in the continuum limit will be made small.
For lattice points x < 0 a particle has the probability 1/2 to
jump to one of its nearest neighbors. Waiting times on each
lattice point are independent identically distributed random
variables with a common PDF ψ−(τ ). For x > 0 a similar
unbiased random walk takes place with a waiting-time PDF
ψ+(τ ). On the lattice point x = 0 (the boundary) a particle
has the probability to jump right q+ or left q− = 1 − q+, and
the waiting times are exponentially distributed with a rate R0.

Thus, a particle starting on the origin will jump, e.g., to the
right (with probability q+) after waiting an average time 1/R0;
then on the lattice point x = a, it will wait for time τ drawn
from ψ+(τ ), and then with probability 1/2 will jump to the
left or right. Our main focus is on the situation where the
waiting times have power-law distributions ψ−(τ ) ∝ τ−1−α

and ψ+(τ ) ∝ τ−1−α , as τ → ∞. More specifically, using
the Tauberian theorem the Laplace transform τ → s of the
waiting-time PDF behaves like

ψ̃−(s) ∝ 1 − B−sα, ψ̃+(s) ∝ 1 − B+sα, (19)

when s → 0, corresponding to τ → ∞. The anomalous dif-
fusion coefficients are given by K− = lima2→0,B−→0 a2/2B−
and K+ = lima2→0,B+→0 a2/2B+ [22]. Our results are not
changed if on x = 0 the waiting times are power-law dis-
tributed like ψ− or ψ+ instead of exponential.

B. Occupation-time statistics

Define a three-state process ξ (t) = 0 (state 0) if the particle
is on the origin, ξ (t) = +1 (state +) if the particle is in x > 0,
and ξ (t) = −1 (state −) if the particle is in x < 0 (see also
Fig. 2 in the Appendix). The lattice point x = 0 is the boundary
between material x < 0 and x > 0 (for the CTRW model x =
ai where i is an integer). As mentioned, on the boundary
x = 0 a particle may jump with probability q− to x = −a,
and with probability q+ = 1 − q− to x = a. The rate for these
jumps is R0. In the long-time limit the number of visits to the
origin is independent of R0 since the average waiting times in
state + and − are infinite. The waiting times in state + are
the first passage times, from x = a to x = 0, and similarly the
waiting times in state − are the first passage time from −a to 0.
These first passage times in the continuum limit were obtained
previously [24]; they are one-sided Lévy distributions whose
Laplace transforms are

φ̃−(s) = e−asα/2/
√

K−
, φ̃+(s) = e−asα/2/

√
K+

, (20)

which implies φ−(t) ∝ t−(1+α/2) as t → ∞ and similarly for
φ+(t). For α = 1 we get the well-known distribution of the
first passage time for Brownian motion in half space [25].

Now we consider the distribution of occupation times in
material x < 0 or x > 0. Let ft (t−) be the PDF of the total
time t− a walker stays in the material x < 0 (state −) and
t is the measurement time. Similarly, t+ is the total time a
walker stays in the material x > 0 (state +). Using the three-
state CTRW model, the double Laplace transform of ft (t−),
f̃s(u) = ∫ ∞

0 dte−st
∫ ∞

0 dt−e−ut−ft (t−), reads (the derivation
is given in the Appendix)

f̃s(u) ∝ q−Q−(s + u)
α
2 −1 + q+Q+s

α
2 −1

q−Q−(s + u)
α
2 + q+Q+s

α
2

, as s,u → 0, (21)

where Q− = 1/
√

K−, Q+ = 1/
√

K+. Expanding Eq. (21) in
u, we get

〈t̃−(s)〉 ∝ 1

s2(1 + R)
, s → 0, (22)

where R is given by

R = q+

q−

√
K−

√
K+ . (23)
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Equation (22) gives (after inverting the Laplace transform)

〈t−(t)〉 ∝ t

1 + R , t → ∞. (24)

Now it is straightforward to get the average occupation fraction
in sample x < 0 in the long-time limit

P−(t) = 〈t−〉/t = 1

1 + R . (25)

Using the normalization condition

P−(t) + P+(t) = 1, (26)

we get similar expression for the average occupation fraction
P+(t)

P+(t) = R
1 + R (27)

(in the long time the probability of occupying boundary is
vanishingly small). From Eqs. (25) and (27) we obtain

q+√
K−P−(t) = q−√

K+P+(t). (28)

C. Boundary conditions

Now we return to the solution of Eq. (17). For delta initial
conditions P (x,0) = δ(x) the solution of this equation in
Laplace space reads

P̃ (x,s) = C+ sα/2−1 exp
( − x sα/2√

K+
)

2
√

K+ θ (x)

+C− sα/2−1 exp
(
x sα/2√

K−
)

2
√

K− [1 − θ (x)], (29)

where C− and C+ are constants. After the inversion of the
Laplace transform we obtain [2,18]

P (x,t) = C+ L+
α (x,t)

2
√

K+tα/2
θ (x)

+C− L−
α (x,t)

2
√

K−tα/2
[1 − θ (x)], (30)

where

L±
α (x,t) =

∞∑
n=0

(−1)n

n! �
[
1 − (n+1)α

2

] ( |x|√
K±tα/2

)n

. (31)

From the normalization condition

C− + C+ = 2. (32)

Also from Eq. (32) C−/2 = P− and C+/2 = P+. Notice that
the solution we investigate yields probabilities of occupying
half space, which are time independent. This corresponds to
the long-time limit of the underlying random walk, and in this
sense the solution is similar to the normal diffusion case. Using
Eq. (28), we have

C− = 2

1 + q+√
K−

q−√
K+

,

(33)

C+ = 2

1 + q−√
K+

q+√
K−

.

Once we have the solution in the continuum limit, we can use
it to explore what boundary conditions are satisfied. Inserting
Eq. (33) in Eq. (29),

q−K+P (x,t)|x=0+ = q+K−P (x,t)|x=0− , (34)

which is the natural generalization of Eq. (9). Following the
same physical procedure to determine the boundary condition
as it was used for normal composite diffusion, we consider
the same composite subdiffusive system [Eq. (17)] confined
in a box (−L,L). After thermal equilibrium is attained in this
system, we get

κ = q+K−

q−K+ = exp

(
−�E

kbT

)
. (35)

The second boundary condition is found using the spatial
derivative of the solution in Laplace space

s−α+1

[
K− ∂P̃ (x,s)

∂x

∣∣∣∣
x=0−

− K+ ∂P̃ (x,s)

∂x

∣∣∣∣
x=0+

]
= 1. (36)

This boundary condition reduces to the normal boundary
condition [Eq. (4)] when α = 1. To see this, note that the
inverse Laplace transform of 1 yields a delta function δ(t);
hence, for t > 0 we get Eq. (4). For α < 1 Eq. (36) represents
the continuity of fractional probability flow at the boundary.
The fractional probability flow in this case is the natural
generalization of usual α = 1 probability flow [21]. For x < 0

J−(x,t) = −K−
0D

1−α
t

∂P (x,t)

∂x
. (37)

Therefore the fractional equation Eq. (17) for x < 0 can be
written as

∂P (x,t)

∂t
+ ∂J−(x,t)

∂x
= 0, (38)

and similarly for x > 0. Thus, Eq. (36) is nothing else but
the Laplace transform of the condition of continuity of the
fractional probability flow at the boundary

J−(x,t)|x=0− = J+(x,t)|x=0+ . (39)

Alternatively, the second boundary condition Eq. (39) can
be derived using subordination, which maps the solution of
ordinary diffusion equation into the corresponding solution
of the generalized one [24]. In Laplace space the subordi-
nation is equivalent to the substitution D− → K−s−α and
D+ → K+s−α . Applying this transformation to the boundary
condition for normal diffusion Eq. (9), we obtain the boundary
condition for subdiffusion equation [Eq. (39)] in a Laplace
representation.

Numerical simulations of the CTRW shown in Fig. 1
agree well with analytical solution of the anomalous diffusion
equation [Eq. (30)]. Similar to normal diffusion the PDF is
generally discontinuous at the boundary.

D. Equilibrium boundary conditions

Finally we give a simple derivation of the first boundary
condition [Eqs. (34) and (35)] at equilibrium. Consider subd-
iffusion of a particle with generalized diffusion coefficient Kα

and generalized mobility μα in a presence of the potential ϕ(x)
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FIG. 1. (Color online) PDF calculated numerically from the
CTRW model with α = 0.5, q+ = q−, K− = 2.82, K+ = 0.282,
and time t = 105. Delta initial conditions were used: P (x,0) = δ(x).
Dashed lines represent the analytical solution (30).

[so the particle experiences a force −ϕ′(x)]. The generalized
probability flux in the presence of the potential is given by [2]

J (x,t) = 0D
1−α
t

[
−Kα

∂P (x,t)

∂x
− μαϕ′(x)P (x,t)

]
, (40)

where 0D
1−α
t is the Riemann-Liouville operator defined in

Eq. (18). Generalized probability flux without the potential
is given by Eq. (37). With the above definition the fractional
Fokker-Planck equation (FFPE) reads [2]

∂P (x,t)

∂t
= −∂J (x,t)

∂x
. (41)

If a stationary state is reached, J (x,t) must be a constant. Thus,
if Jst(x0,t) = 0, the stationary solution of the FFPE [Eq. (41)]
is found:

μαϕ′(x)Pst(x) + Kα

dPst(x)

dx
= 0. (42)

Using the generalized Einstein-Stokes-Smoluchowski relation
μα/Kα = 1/(kT ) [2], the solution of Eq. (42) is given by the
Boltzmann equilibrium

Pst(x) = N exp

[
−ϕ(x)

kT

]
, (43)

where N is normalization constant. Consider now that the
potential in the material x < 0 is �V larger than in the material
x > 0; that is, ϕ(x) is in the form

ϕ(x) =
{
E0 + �E, x � −δ,

E0, x > δ,
(44)

where ϕ(x) varies continuously for −δ � x � δ [17]. Nor-
malization N exists only for binding potential, but not for the
potential in Eq. (44). Thus, we insert the system in a box of
length 2L, where L is sufficiently large. Using Eq. (43) we
have

Pst(−δ)

Pst(δ)
= exp

(
−�E

kT

)
. (45)

Now taking the limit δ → 0, we obtain

Pst(0
−) = Pst(0

+) exp

(
−�E

kT

)
. (46)

This equation represents the long-time limit of a more general
boundary condition obtained in Eqs. (34) and (35). The above
approach can be also applied for normal diffusion, leading to
the same result Eq. (46), which in the case of normal diffusion
is the equilibrium boundary condition.

V. SUGGESTED EXPERIMENT

Infiltration is abundant in nature. Among many physical
systems one can name infiltration of water into porous
soil [26], contaminant diffusion [27], moisture ingress in
zeolites [28] or in fired clay ceramics [29], diffusion of sugar
through a membrane in a gel solvent [30], and polymer
translocation through a membrane pore [31]. Infiltration is
also important in biologically motivated experiments. For
example, protein diffusion is anomalous in the cell and normal
in the exterior, compartments on membranes indicate that
diffusion of proteins is taking place between different regions
with varied diffusion mechanisms [32], and morphogens are
subdiffusing in extracellular environment where the diffusive
properties changes abruptly in space [14].

To verify experimentally our theoretical predictions we
suggest investigating anomalous diffusion of colloidal tracer
particles in an F-actin network with an average mesh size
σ [33]. This system is ideal in the sense that one may control
α of the mean-squared displacement 〈x2(t)〉 ∼ tα by changing
the diameter of the bead b and/or by changing the concentration
of actin, which controls the average mesh size. The exponent
α depends on the ratio of the particle radius b to the mesh size
σ . When b � σ the diffusion of the tracer is normal, α = 1,
and 〈x2(t)〉 ∼ t , where the diffusion constant depends on local
viscosity of the solvent and on hydrodynamic interactions
with the network (the opposite limit b � σ corresponds to
the localization of the particle in the surrounding network).
If the diameter of the bead b is comparable to σ , diffusion
in the actin network is anomalously slow, 0 < α < 1 [33].
To investigate infiltration, which we study in this work, one
needs to prepare a system consisting of two actin networks in
solvents with different viscosities and therefore with different
diffusion constants and to maintain actin networks localized,
which is experimentally possible [34]. Diffusion constants and
energy potentials should be measured separately in each case
by preparing a network with corresponding solvent viscosity
and concentration of the actin.

VI. SUMMARY

We investigated normal and anomalous subdiffusion in a
system consisting of two materials with a boundary between
them. Generally the concentration at the boundary is not
continuous. Using the CTRW picture we find the boundary
conditions of the problem and propose a physical method of
how to determine them from Boltzmann equilibrium [Eqs. (15)
and (46)]. Obtained boundary conditions allow analytical
solution of the system of diffusion equations.
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FIG. 2. (Color online) The three-state CTRW model.

After this work was submitted two papers have been
published that study anomalously fast diffusion (Lévy flights)
in a composite medium using coupled space-fractional dif-
fusion equations [35,36]. In contrast to our work, con-
tinuity of the density function was used as a boundary
condition in both studies. It will be also interesting to
investigate coupled bifractional diffusion equations, which
describe anomalous diffusion with both time and space
memories.
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APPENDIX

Here we calculate the PDF of the occupation fraction in the
state − (calculation for the state + is similar) for the three-state
CTRW illustrated in Fig. 2. The total time a particle was in the
state − after n steps can be written as

t− =
n∑

i=1

τiθi + (t − tn)θ (∗), (A1)

where θi is a random variable with the PDF

p(θ ) = q+δ(θ ) + q−δ(θ − 1). (A2)

In Eq. (A1) θ (∗) denotes the last step and tn = ∑n
i=1 τi =∑n

i=1 τiθi + ∑n
i=1 τi |θi − 1|. The PDF of t− after time t and

n steps is defined as

ft,n(t−) =
〈
δ

[
t−−

n∑
i=1

τiθi−(t − tn)θ (∗)

]
I (tn � t � tn+1)

〉
,

(A3)

where

I (tn � t � tn+1) =
{

1,if condition in parentheses is true,

0, otherwise.

(A4)

Now we consider the double Laplace transform of Eq. (A3):

f̃s,n(u) =
∫ ∞

0
dt e−st

∫ ∞

0
dt−e−ut−fn,t−

=
〈 ∫ ∞

0
dte−st I (tn � t � tn+1)e−u

∑n
i=1 τiθi−u(t−tn)θ(∗)

〉
.

(A5)

Averaging over the last step θ (∗), we get

f̃s,n(u) = q+
〈
e−stn − e−stn+1

s
e−u

∑n
i=1 τiθi

〉

+q−
〈
e−(s+u)tn − e−(s+u)tn+1

s + u
e−u

∑n
i=1 τiθi+u

∑n
i=1 τi

〉
.

(A6)

Averaging now over θi and summing over all jumps we get the
PDF of t−:

f̃s(u) =
∞∑

n=0

f̃s,n(u) = 1

1 − [q−φ̃−(u + s) + q+φ̃+(s)]

×
[
q− 1 − φ̃−(u + s)

u + s
+ q+ 1 − φ̃+(s)

s

]
, (A7)

where φ̃±(s) are Laplace transforms of the waiting time PDFs
in states + and −. Using the small s limit (equivalent to the
long-time limit) of φ̃±(s) given by φ̃−(s) ∝ 1 − asα/2/

√
K−

and φ̃+(s) ∝ 1 − asα/2/
√

K+ as s → 0 [24] [see Eq. (20)],
we finally obtain Eq. (21).

For q− = q+ Eq. (21) is reduced to the Lamperti PDF
[37,38]:

f̃s(u) ∝
√

K−
K+ (s + u)α/2−1 + sα/2−1√

K−
K+ (s + u)α/2 + sα/2

, s,u → 0, (A8)

which is a generalization of the well-known arcsine law [39].
The method of inversion of Eq. (A8) to the time domain is
given in Refs. [37,38].
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