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Abstract

We demonstrate that the statistical behavior of the random line shapes of single tetra-tert-butylterrylene

chromophores embedded in an amorphous polyisobutylene matrix at T ¼ 2 K is described by L!evy statistics.

Recently, Barkai et al., suggested to characterize random line shapes of single molecules in glasses by their cumulants

k1; k2;k3; etc. Using Geva–Skinner model for single-molecule spectroscopy in low-temperature glasses, which is based

on the standard tunneling model, the theory predicts that probability densities Pðk1Þ; Pðk2Þ; etc., are L!evy stable laws

provided that the glass dynamics is described by a slow modulation limit. Analyzing our experimental data we show

that the distributions of the first two cumulants are indeed compatible with L!evy statistics; thus, the generalized central

limit theorem is applicable to this system. The emergence of L!evy stable laws in this system is due to long-range

interactions between two-level systems and the single molecule. The widths of the distribution functions Pðk1Þ and Pðk2Þ
are non-universal in the sense that they depend on the coupling of the molecule to the host glass. We investigate a

universal amplitude ratio (i.e., ratio of widths) which shows that our results are in agreement with the assumptions of

the standard tunneling model of low-temperature glasses. We briefly discuss other long-range interacting systems and

models, for which L!evy statistics plays an important role.

r 2003 Elsevier B.V. All rights reserved.
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1. Introduction: single-molecule spectroscopy in

glasses

Experimental advances [1–4] have made it
possible, to measure the fluorescence of a single
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molecule (SM) embedded in polymer glasses.
Because each individual molecule is located
in a unique static and dynamic environment,
the fluorescence of chemically identical SMs
varies from molecule to molecule. In this way
the molecules serve as local reporters on the
dynamics and statics of the host glass. The
problem of ensemble averaging, found in usual
d.
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Fig. 1. The spectral trail (lower panel) and the line shape

(upper panel) of a model SM coupled to a slowly flipping single

TLS. The three-dimensional plot shows the photon count

number versus time and laser detuning frequency. Each flip of

the TLS results in a shift of the absorption frequency. The

upper panel yields the line shape of the molecule which is the

total count number versus laser detuning frequency oL � o0: G
is the radiative rate, oL is the laser frequency, and o0 is the bare

absorption frequency of the molecule. For further details see

Ref. [29].
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condensed-phase spectroscopy and in other
macroscopic measurements, is totally removed
(e.g. Ref. [5] and references therein). SM experi-
ments are performed both on low-temperature
glasses [6–15], and recently close to the glass
transition temperature [16,17]. For low-tempera-
ture glasses, the fundamental question is: is the
standard tunneling model for glasses valid? Re-
lated questions are how to analyze the complex
line shape behaviors of SMs in glasses, and what
their random behaviors teach us on the SM–glass
system.

The phenomenological standard tunneling mod-
el [18,19] was suggested in the early 1970s to
explain universal features of glasses; for example,
many glasses show a heat capacity which is nearly
linear in temperature. At the center of this model is
the concept of the two-level system (TLS). It is
assumed that at temperatures below 2–3 K; low-
energy excitations of glassy materials are two-level
tunneling systems whose asymmetries and tunnel-
ing matrix elements are randomly distributed. To a
first approximation, it is assumed that these TLSs
are interacting with phonons but not with each
other [20]. The main ansatz is that the complicated
free-energy landscape of the glass can be replaced
by independent double-well potentials. A funda-
mental first-principle understanding of the TLSs is
still missing, although numerical simulations [21]
give some evidence on the microscopic nature of a
few of these entities while Ref. [22] relates the
TLSs to motions of domain walls in the glass.

Geva and Skinner [23] modeled the behaviors of
SMs in a low-temperature glass, based on the
standard tunneling model. Their numerical work
predicted correctly that the line shape of a single
molecule in a low-temperature glass: (i) varies
from molecule to molecule and (ii) is typically
multi-peaked (see examples below). A theoretical
investigation of the distribution of random line
shapes of SMs in glass was carried out in Refs.
[24,25]. Interestingly, the theoretical results ob-
tained in Ref. [24] showed that the problem of
random line shapes in glasses is related to L!evy
statistics; thus the generalized central limit theo-
rem [26] applies to this problem (see details below).
As we discuss in Section 5, several other long-
range interacting systems and models are described
by L!evy statistics. Thus the relation between L!evy
statistics and long-range forces is not limited to the
system under investigation. The specific goal of
this paper is to analyze experimental data of
random SM line shapes and to compare it with the
theory in Refs. [24,25]. We also investigate a
certain universal amplitude ratio, which can be
used to test the assumptions of the standard
tunneling model. A brief summary of part of our
results appeared in Ref. [27].

Previously, Orrit et al. used the fluorescence of
single terrylene molecules in the polymer poly-
ethylene, and gave the first direct experimental
proof that TLSs actually exist in a disordered solid
[6,7]. If an SM is coupled to a single TLS, we
expect that when the TLS flips from its up state to
its down state or vice versa, the SM absorption
frequency will shift. Briefly, the SM’s absorption
frequency jumps at random times between two
states oþ and o�: In this case the line shape of the
molecule is a doublet. In Fig. 1 we show the
behavior of such a molecule based on a simple
simulation [28]. It follows that the frequency of an
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Fig. 2. The spectral trail of a single tetra-tert-butylterrylene

chromophore embedded in an amorphous polyisobutylene

matrix, at T ¼ 2 K: This individual molecule is strongly

coupled to two slowly flipping TLSs. The straight and weak

spectral line on the left is the spectral line of a second molecule

which does not show spectral activity on the time scale of the

experiment.
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SM coupled to N slowly flipping1 independent
TLSs will jump between 2N states. For example, in
Fig. 2 we show a spectral trail of a single tetra-tert-
butylterrylene chromophore embedded in an
amorphous polyisobutylene matrix. This SM is
coupled strongly to two TLSs, hence the absorp-
tion frequency jumps between four states. At the
same time the molecule is also coupled to distant
TLSs which control the line broadening of each
peak. Under certain conditions [28–30] (see
footnote 1) the frequency jumps, known as
spectral diffusion, can be observed in experiment.
In the experiments of Orrit’s group [8], behaviors
not compatible with the standard tunneling model
were observed, for 21 out of 70 molecules; e.g., a
molecule coupled to a three-level system or
molecules coupled to interacting TLSs. In our
experiments, the relative number of spectral trails,
which are not consistent with the standard TLS
model, was a few percent. Thus majority of
individual molecules exhibit behaviors which
confirm the standard model predictions. We note
that spectral jumps are observed in many other
1More precisely, if 1=toRoGon; where t is the measure-

ment time, R is the frequency jump rate, G the fluorescence rate,

and n is the frequency shift due to a flipping TLS, one can use

the spectral-trail technique to follow directly the dynamics of a

TLS. If these conditions do not hold, a more detailed analysis

of photon counting statistics can in principle yield the dynamics

of the TLS [29].
SM fluorescence experiments and are not limited
to glasses [31,32].

There are many open questions concerning the
standard model. For example: Are the TLSs
uniformly distributed in space, or do they pre-
ferentially appear at boundaries of clusters of
atoms/molecules, as suggested in Ref. [33]. An-
other open question is the nature of the interaction
between the TLSs and the SM, is it dipolar as
suggested in Ref. [23,67]. Here we investigate these
topics, based on a method suggested in Refs.
[24,25].

This paper is organized as follows: In Section 2
random line shapes for SMs in a glass are
presented, and the method of the data analysis is
presented. In Section 3 we give a detailed descrip-
tion of the physical assumptions used to describe
the low-temperature glass, emphasizing the as-
sumptions that lead to emergence of L!evy stable
law. In Section 4 we compare our experimental
result with theory and investigate the new uni-
versal amplitude ratio. In Section 5 L!evy statistics
in other long-range interacting systems is pre-
sented, mostly for cases where this relation was
overlooked.
2. Random line shapes and their cumulants

To a first approximation, we note that the line
shape of an SM not interacting with the TLSs in the

glass is Lorentzian. The width of this line would be
determined by the lifetime of the electronic
transition under investigation. This situation is
radically changed when the molecule interacts with
its environment. As mentioned, the line shape of
an SM in a low-temperature glass is usually multi-
peaked and looks random and complex. This is
due to the coupling of the SM to the random
distribution of active TLSs in the glass. Measured
line shapes (i.e., fluorescence excitation signals) are
shown in Fig. 3. The figure illustrates that line
shapes of individual single molecules differ from
one another, i.e., the lines do not self-average. The
doublet and quartet features of some of the line
shapes in Fig. 3 are due to strong coupling to one
or two TLSs. Such lines yield direct evidence for
the existence of TLSs in glasses in a way similar to
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Fig. 3. Line shapes of single tetra-tert-butylterrylene chromo-

phores embedded in an amorphous polyisobutylene matrix.

Note the doublet and quartet features of some of the line shapes

due to strong coupling to one or two TLSs. One of the

molecules has three peaks, indicating the possibly that this

molecule is coupled to a three-level system. This rare type of

behavior is not consistent with the standard tunneling model.

Another possibility is that the measurement time was not long

enough in this case and that in a longer measurement the

molecule would be seen jumping between four states. Note that

the analysis of the spectral trail histories allows us to distinguish

between these possibilities. Following this line, we note that due

to the non-ergodicity of the glass, increasing the measurement

time might reveal different line shapes; thus the statistical

properties of the line shapes in a glass generally depend on the

time scale of the measurement.

2We assume here that moments of the line shape are finite.

Since the spectral-trail technique is limited to a certain

frequency interval, moments are finite, in principle they may

be sensitive to the frequency interval scanned in the experiment.

See Ref. [24].
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the observations made in Ref. [8]. Geva and
Skinner [23] have numerically generated line
shapes of single molecules in glasses, predicting
line shapes which are multi-peaked and random,
similar to what we observe in Fig. 3.

To obtain the lines in Fig. 3 we used the spec-
tral trail technique introduced by Moerner and
co-workers [34] (see examples in Figs. 1 and 2).
Following the spectral activity of the molecule
during a fixed scan time, which was 120 s; enables
us to identify the peaks in Fig. 3 as originating
from an SM. Without using this approach it is
difficult to say if the lines in Fig. 3 are due to
contributions from several SMs or originate from
one SM.

Random multi-peaked lines as shown in Fig. 3
are a novel feature of SM spectroscopy, not
observed in ensemble-averaging techniques. To
obtain information on the SM–glass system we
investigate the distribution of the line shapes of
SMs in a glass. Mathematically we are dealing
with the question of the distribution of a function
[i.e., the line IðoLÞ is a function of the laser
frequency]. Recently, Barkai et al. [24,25] sug-
gested to characterize the line shape of each
molecule by its cumulants k1;k2;y : Thus each
line is characterized by an infinite set of cumulants,
these being random variables which vary from one
molecule to the other, thus reflecting the disor-
dered nature of the glass. The distributions of
Pðk1Þ; Pðk2Þ; etc. completely characterize the
statistical properties of the line shapes of SMs in
a glass. As we show below, these distribution
functions yield important information on the SM–
glass system and can be used to check the validity
of the standard model.

The cumulants are obtained from the moments2

of the normalized line shape,

mn ¼
Z

N

0

onIðoÞ do; ð1Þ

according to the well-known relations

k1 ¼ m1; k2 ¼ m2 � ðm1Þ
2 ð2Þ

and higher order cumulants are given in Ref. [35].
The normalization condition we use is m0 ¼ 1: We
consider here the cumulants, not the moments,
since the cumulants are predicted to be distributed
according to L!evy statistics, which, as we show
below, yields useful information on the glass.
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Experimental data on line shape moments were
previously presented in Refs. [36,37].

The approach we use here is based on the
analysis of the distribution of line shape cumu-
lants; it is different from a second approach used
in other studies [7,13,23]. Previously, the line was
characterized by its width at half-maximum, and
the distribution of the random line shapes was
described by the distribution of line widths.
Clearly such a method does not capture the
multi-peaked behavior of the SM lines shown
in Fig. 3.3 For line shapes of SMs in glasses,
the width at half-maximum is in many cases
not uniquely defined, as can be easily seen from
Fig. 3.
3. L!evy statistics due to long-range TLS–SM

interaction

To better understand the meaning of our data
analysis and its relationship to L!evy statistics, it is
useful to recall the main assumptions of the theory
[23–25] (see Appendix A for more details):

(i) The absorption frequency of the molecule
follows a stochastic trajectory described by

oðtÞ ¼ o0 þ
XN

n¼1

xnðtÞnnðrÞ; ð3Þ

where o0 is the bare frequency of the molecule.
xnðtÞ are random functions of time which follow a
two-state process, xnðtÞ ¼ 1 or xnðtÞ ¼ 0 depending
on the state of the nth TLS. The flipping rate
between these two states is determined by Rn given
in Appendix A, Eq. (A.2).

(ii) The SM frequency shifts are

nn ¼ 2paCðOÞf ðA; JÞ
1

ðrnÞ
d; ð4Þ

where a is a coupling constant. CðOÞ is a
dimensionless function of order unity, O is the
3 In the early days of SM spectroscopy, it was difficult to

determine if a multi-peaked line shape is the line shape of an

SM, or the line shape of several molecules, each one being

single-peaked. Thus, in some of the early experiments, multi-

peaked line shapes were rejected from statistical analysis and

only single-peaked lines (which were fitted to a Lorentzian)

were considered.
vector of angles determined by the orientation of
the TLS and SM, f ðA; JÞ is a dimensionless
function of the random internal degrees of free-
dom of the TLS, A (asymmetry parameter) and J

(tunneling matrix element), and d is the interaction
exponent. For dipolar interactions d ¼ 3; hence
the standard approach is [23]

nn ¼ 2paCðOÞ
A

E

1

ðrnÞ
3
; ð5Þ

where E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ J2

p
is the energy splitting of the

TLS. As we discuss below, the long-range type of
interaction is an important ingredient in the
relationship between SM spectroscopy in glasses
and L!evy statistics.

(iii) The TLSs are uniformly distributed is space
and are non-interacting. This is the second
important condition for L!evy statistics to be
valid.

(iv) The standard tunneling model is valid; this
model determines the distribution of the para-
meters describing nn and Rn as well as the density
of TLSs (see Appendix A for details). Note,
however, that L!evy statistics and results in Ref.
[24] are not limited to this model.

(v) The stochastic Kubo–Anderson theory
[38,39] of line shapes is valid, implying, among
other things, weak laser fields. We also neglect
time-dependent fluctuations in the number of
photon counts from individual molecules [28–
30,40]. Under these conditions the following two
limiting behaviors were found.

The first case corresponds to the slow-modula-
tion limit. Then if Rn5nn for TLSs in the vicinity
of the molecule, the shape of the line is random
and typically multi-peaked [24]. For this slow-
modulation limit, the distributions of line shape
cumulants, Pðk1Þ;Pðk2Þ;Pðk3Þ; etc., are all L!evy
stable. Specifically, the probability density func-
tion of the first cumulant k1; Eqs. (2) and (5), is
given by the symmetrical L!evy density, Pðk1Þ ¼
lg1;0ðk1Þ where the L!evy exponent is

g1 ¼
d

d
; ð6Þ

provided that 0og1o2: Here d is the dimension-
ality of the problem. The distribution of the
second cumulant k2; Eq. (A.6), is given by the
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one-sided L!evy stable law, Pðk2Þ ¼ lg2;1ðk2Þ;

g2 ¼
d

2d
; ð7Þ

provided that 0og2o1: Details on higher-order
cumulants are given in Ref. [24]. From Eqs. (6)
and (7) we see that the L!evy exponents depend
only on the dimensionality of the problem and on
the exponent d describing the power law interac-
tion between the TLSs and the SM. The distribu-
tion of parameters describing the TLSs in the glass
control the width of Pðk2Þ; Pðk1Þ; as will be
discussed below. We note that numerical simula-
tions [24,41], for a parameter set modeling
terrylene in polystyrene, indicate that the slow-
modulation limit is valid at least for T ¼ 1 K:

The second case corresponds to the fast-
modulation limit nn5Rn for all TLSs in the
vicinity of the molecule. In this limit, also called
motional narrowing limit, the lines of individual
molecules are Lorentzian in shape. Then the lines
are characterized by two parameters only, e.g., the
width at half-maximum and the center location.
The distributions of the latter two parameters are
L!evy stable laws [24]. From Fig. 3 it is clear that
the fast modulation limit does not describe our
experimental results (i.e., the lines are not simple
Lorentzians).

Let us briefly discuss the importance of L!evy
stable distributions, which are generalizations of
the Gaussian distribution [26]. Consider the sum
of independent identically distributed random
variables, X ¼

PN
i¼1 xi: According to the Gaussian

central limit theorem, the distribution of X=N1=2;
in the limit N-N; is Gaussian, provided that the
variance of xi is finite. L!evy and Khintchine have
generalized the central limit theorem to the case
when the variance of xi is infinite, i.e., when the
probability density of xi falls off as a slow power
law. In this case the sum X ; when scaled properly,
converges to a distribution which is called L!evy
stable distribution (see examples below). The
importance of L!evy statistics in modeling physical
and chemical systems is discussed in Refs. [42–46]
and references therein.

The relationship between L!evy statistics and the
SM–glass system can be rationalized as follows
(for mathematical details see Ref. [24]).
(i) The SM is interacting with an infinite number
of TLSs, hence N-N:

(ii) The TLSs are non-interacting corresponding
to the summation of independent random vari-
ables.

(iii) Since np1=rd and since the distribution of
TLSs is uniform in space, large fluctuations of the
frequency shifts occur. For d ¼ 3 and d ¼ 3; TLSs
in the vicinity of the SM will cause large frequency
shifts, while those in the background will cause
small shifts. The large frequency shifts result in a
diverging variance oðtÞ; which leads to the break-
down of the Gaussian central limit theorem in this
problem and to the emergence of L!evy stable laws.
While the theory is generally valid even when d is
large, L!evy statistics of this type may be observed
only for systems with long-range interactions, for
example, dipolar or Coulomb interactions. As d
becomes large, L!evy statistics becomes sensitive to
finite-size corrections e.g., if the molecule has a
typical size of a few nanometers [25,47].
4. Experiment versus theory

4.1. L!evy statistics

We have analyzed 244 single tetra-tert-butylter-
rylene molecules in the amorphous polymer poly-
isobutylene at T ¼ 2 K: The scan time for each
individual molecule was 120 s: Using the spectral
trail technique, we obtained line shapes of SM as
shown in Fig. 3. The moments of the line shape are
obtained using Eq. (1), from which we obtain the
corresponding cumulants according to Eq. (2). As
mentioned, we discuss the cumulants rather than
the moments, since the cumulants are predicted to
behave according to L!evy stable laws. For a
detailed description of the experimental setup and
the measurement procedure see Ref. [48].

Assuming d ¼ 3 and d ¼ 3; Pðk1Þ is a Lorent-
zian according to Eq. (6),

Pðk1Þ ¼
1

p
z1

k2
1 þ z2

1

; ð8Þ

where z1 is a scaling parameter which can be
calculated based on the theory in Ref. [24]. As is
well known, the Lorentzian density belongs to the
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Fig. 4. Probability density of the first cumulant k1 (in GHz).

The dots are experimental results and the curve is a one-

parameter fit to a Lorentzian.

Fig. 5. Histograms of the first cumulant as obtained from

numerical simulations of the Geva–Skinner model for two

different values of the reference frequency. The solid (dashed)

line represents the case where the reference frequency of each

line is o0 ðomaxÞ: The figure illustrates that: (i) The shape of

distribution function Pðk1Þ is not sensitive to the definition of

the reference frequency, and (ii) the width of Pðk1Þ (i.e., z1)

depends on the choice of reference frequency.

Table 1

Description Value

T Temperature 2 K

Amax Maximal asymmetry 20 K

Jmin Minimal tunneling element 2:5 � 10�7 K

Jmax Maximal tunneling element 20 K

rmax Maximal radial distance 35 nm

rmin Minimal radial distance 2 nm

r TLS density 1:15 � 10�2 nm�3

%a Average SM-TLS coupling 27:5 nm3 GHz

Da Standard deviation of a 18 nm3 GHz

ck3 TLS-phonon coupling 1:16 � 109 K�3 Hz

T1 Lifetime of transition 2:8 ns
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more general family of L!evy stable probability
densities [26]. In Fig. 4 we show that our
experimental results are compatible with the
theoretical prediction. We also fitted our results
to a Gaussian probability density (not shown) and
concluded that the distribution of the first
cumulant is definitely not Gaussian.

We note that the reference frequency, determin-
ing the laser detuning in Fig. 3, was chosen at the
maximum intensity of the spectrum of the SM
ðomaxÞ; whereas the theoretical reference frequency
in Ref. [24] was the bare frequency of the molecule
o0: As shown in Fig. 5, using numerical simula-
tions based on the approach in Ref. [23] (with
parameters given in Table 1) we observe that also
when the reference frequency is chosen as omax; the
distribution of first cumulant is well fitted by a
Lorentzian. These numerical results are in agree-
ment with the experimental results in Fig. 4. From
Fig. 5 we see that the value of z1 in the two
approaches differs, we address this issue in further
detail below.

Note that in our simulations we included a
minimum distance between the SM and TLS rmin:
We also used a uniform distribution of coupling
constants a: These features are not included in the
theory developed in Ref. [24]. The simulations
are compatible with a L!evy distribution for Pðk1Þ;
thus a main conclusion in Ref. [24] is not changed
when these additional details are included in the
model.
We now discuss the distribution of the second
cumulant (i.e., the variance) which is independent
of definition of the reference frequency. According
to Eq. (7), and assuming d ¼ d ¼ 3; Smirnov’s
one-sided probability density is

Pðk2Þ ¼
1

ðz1=2Þ
2

2ffiffiffi
p

p 2k2

z2
1=2

 !�3=2

exp �
z2
1=2

2k2

 !
; ð9Þ

where the scaling parameter z1=2 was derived
in Ref. [24]. As shown in Fig. 6, the experi-
mental data are compatible with the theoretical
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Fig. 6. Probability density of the second cumulant k2 (in

GHz2). The dots are experimental results and the curve is a one-

parameter fit to Smirnov’s probability density (z1=2 is the fitting

parameter). The bin length was 0:012 GHz:
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prediction; the long tail of the L!evy stable law is
visible. However, the measurement of a larger
number of molecules is needed to improve the
statistical fluctuations. The analysis of a larger
number of molecules will also enable us to
compare theory and experiment for the higher-
order cumulants k3; k4; etc.

The physical meaning of the distributions Pðk1Þ
and Pðk2Þ is now discussed. Pðk1Þ is a measure for
the asymmetry of the lines. For symmetric lines,
e.g. Lorentzian or Gaussian, k1 ¼ 0 (i.e., when
reference frequency is the maximum of intensity).
Thus L!evy distribution of k1 indicates the strong
asymmetry of the lines. k2 is a measure of the
frequency spread of each line. Hence the fact that
we find L!evy distribution of k2 indicated a very
broad distribution of the spread of individual lines
(i.e., the average of k2 is infinite).

4.2. Universal amplitude ratio

There are two distinct types of parameters
describing the SM–glass system: Those describing
the bath of TLSs and the coupling constant a
which depends on the properties of the SM probe
[see Eq. (5)]. An important unsolved problem is
how to extract information from SM experiments
which is sensitive only to the statistical properties
of the TLSs and is not affected by a [10,12,13]. The
scaling parameters z1 and z1=2 depend on a and the
magnitude of these two parameters depends also
on the precise modeling of the orientation function
CðOÞ: Thus z1 and z1=2 are not universal functions,
in the sense that they depend on the properties of
the SM under investigation and not on the
properties of the glassy state (which are supposed
to be universal, according to the standard tunnel-
ing model). In fact, Donley et al. suggested that the
coupling constant a itself should be a random
variable [13] (and see [37] for related work). At first
this may seem to limit our ability to investigate
low-temperature glasses with SM spectroscopy. If
statistical analysis of line shapes depends on an
additional unknown distribution function of cou-
pling constants (besides the standard distributions
of glass parameters) comparing data and theory
becomes rather arbitrary.

However, based on Eq. (9) in Ref. [24] and using
Eq. (5), one can show that the ratio z1=2=z1

depends only on the statistical properties of the
glass and not on the distribution of the coupling
constant a: More precisely,

z1=2

z1
¼

1ffiffiffiffiffiffi
2p

p /A
E

Sechð E
2kbT

ÞSAJ

/A
E

1
1þexpðE=kbTÞSAJ

; ð10Þ

where the averaging is performed over the random
matrix elements of the TLSs in the glass. Since
only TLSs flipping on the time scale of the
experiment contribute to the line shape of the
SM, the average in Eq. (10) depends also on the
measurement time [24]. Since Eq. (10) is indepen-
dent of the exact distribution of a; it is a useful tool
for describing the behavior of glasses. To derive
Eq. (10), we assume that: (i) the mean value of the
coupling constant a is finite, (ii) d ¼ d ¼ 3 (gen-
eralizations for other cases are straightforward),
and (iii) the distribution of a is independent of
other TLS parameters A and J: Note that Eq. (10)
does not depend explicitly on the density of TLSs.

From our fits we find z1=2 ¼ 0:175 GHz and z1 ¼
0:0485 GHz; which yields z1=2=z1 ¼ 3:6: The theo-
retical prediction, based on Eq. (10), yields
z1=2=z1 ¼ 2:4: The deviation between theory and
experiment is now addressed. As mentioned above
the theoretical prediction is based on the assump-
tion that the bare frequency of the molecule o0 is
the reference frequency for the measurement.
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Using numerical simulations based on the proce-
dure developed in Ref. [23] with the parameter set
relevant for our experiment we find that the ratio
of z1 when o0 is the reference frequency and z1

when omax is the reference frequency, is zo0

1 =zomax

1 ¼
1:6: Varying the value of a in our simulations in the
interval 10 GHz nm3oao40 GHz nm3 we ob-
served that the ratio zo0

1 =zomax

1 does not depend
on a: As expected, zo0

1 > zomax

1 ; since the value of k1

becomes smaller (in statistical sense) if we assign
the origin to the maximum of the spectrum. Using
the correction factor zo0

1 =zomax

1 ¼ 1:6 we find that
the theory yields z1=2=z1 ¼ 3:8: Taking into ac-
count that the standard tunneling model does not
address the chemical composition of the disordered
system or the chemical and geometric details of the
SM under investigation, we believe that the
theoretical result is in surprisingly reasonable
agreement with the experiment. Measurements of
the ratio z1=2=z1 for other types of SMs and glasses
and for a wider range of parameters (i.e.,
temperature and scan time) will show whether
SM data are compatible with the universal predic-
tions of the standard model.
5. L!evy statistics in other long-range interacting

systems

The relationship between L!evy stable laws and
long-range interacting systems is not limited to SM
spectroscopy in glasses. It is found in other
systems and models, but in many cases this
relation was over-looked. One example is the
well-known Klauder and Anderson [49] approach
for the description of spin echoes. Briefly, Klauder
and Anderson [49] consider spin A interacting with
spin B which are situated on a lattice (i.e., an
ordered dynamical spin system). The interaction
between spin A and spin B is dipolar, where a flip
of spin B causes a spectral jump for spin A (the
dynamics of spin A is the observable). Klauder
and Anderson found a Lorentzian Green function
for spectral diffusion of the individual spin A. The
work of Zumofen and Klafter [50] showed that for
other power law interactions, one gets a L!evy
Green function for the spectral diffusion. Hence
the Klauder–Anderson result is a manifestation of
L!evy stable laws [25]. Interestingly, Kharlamov
and Zumofen [51] have recently reported on L!evy-
type spectral diffusion in hole-burning experiments
in glasses.

Stoneham’s [52] inhomogeneous line shape
theory, describing ensemble-averaged line shapes
in a static disordered medium, is based on long-
range interacting models. It can be shown to be
described by L!evy statistics, namely, the ensemble-
averaged inhomogeneous spectra found by Stone-
ham are all L!evy stable laws [25]. An example for a
L!evy inhomogeneous line is the Holtsmark func-
tion, which was recently observed in anomalous
line shapes of a localized vibrational mode in
InP [53].

SM spectroscopy in glasses, considered here,
combines both dynamical and spatial disorder and
in this way is different from the models considered
previously [49,52]. Finally, we note that L!evy
statistics has also applications in other long-range
interacting models [54], including gravitational
systems [55,56], plasma models [57], hydrodynamic
systems [58,59], and spin precession in models of
disordered magnetic fields [60].
6. Summary

SM spectroscopy is an excellent method to
probe disordered systems by removing the ensem-
ble averaging found in other techniques. We have
shown that our experimental results are compa-
tible with L!evy statistics and with the theory
developed in Ref. [24]. This implies that the
following assumptions are reasonable: (i) The
TLSs are uniformly distributed in space, (ii) the
frequency shifts are caused by dipolar interactions
np1=r3: The fact that we find Lorentzian and
Smirnov densities, for Pðk1Þ and Pðk2Þ; respec-
tively, is related to the dimension of the system
d ¼ 3 and the exponent d ¼ 3 in the distance
dependence of the interaction potential. We
introduced the ratio z1=2=z1 which is sensitive to
details of the standard model, but not to the
coupling of the SM to the TLSs in the glass (i.e.,
not to a). The comparison between the theoretical
and experimental value of this ratio can be used to
test the validity of the standard model predictions.
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The relationship between long-range interacting
systems and L!evy statistics is far reaching and not
limited to the system under investigation. Further-
more, the relationship between L!evy statistics and
SM spectroscopy is not limited to SMs in low-
temperature glasses. Very recently, Jung et al. [61]
clarified the connections between L!evy statistics
and the blinking behavior of single quantum dots
[62–65].
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Appendix A

Following Ref. [23], we assume an SM to be
coupled to independent nonidentical TLSs at
distance r in three-dimensional space. Each TLS
is characterized by its asymmetry A and tunneling
matrix element J: The density of the TLSs is r: The
energy splitting of the TLS is E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ J2

p
: The

probability of finding a TLS in its upper energy
state is given by

p ¼
1

1 þ exp½E=ðkbTÞ�
: ðA:1Þ

The transitions between the two states are
described by the transition rates Ru and Rd related
to each other by detailed balance and R ¼ Ru þ
Rd : The coupling of the TLSs to phonons yields,
for single-phonon excitation,

R ¼ cJ2E coth½E=ð2kbTÞ�; ðA:2Þ

where c is the TLS–phonon coupling constant.
According to the standard tunneling model, the
distributions of A and J are PðJÞPðAÞ ¼ N�1AmJ�1

and JminoJoJmax and AminoAoAmax; where N is
a normalization constant and the values m ¼ 0 or 1

3

are considered in the literature. We note that our
results in this paper are not very sensitive to the
choice m ¼ 1

3
or 0: The exponent m is related to the

exponent describing the heat capacity of the glass,
CðTÞpT1þm:
According to linear-response theory, the line
shape of the SM is given by the complex Laplace
transform of a relaxation function

ISMðoÞ ¼
1

p
Re

Z
N

0

dt eiotPNact

n¼1FnðtÞ
� 	

; ðA:3Þ

provided that the natural lifetime of the SM
excited state is sufficiently long. Nact are the TLS
which are flipping on the time scale t of the
experiment, i.e., 1=Rot: The subscript n in
Eq. (A.3) denotes the nth TLS in the system. The
relaxation function of a single TLS was evaluated
in Ref. [66] based on methods developed in Ref.
[38],

FðtÞ ¼ e�ðXþipnÞt coshðBtÞ þ
X
B

sinhðBtÞ
� 	

; ðA:4Þ

with B ¼ ½R2=4 � n2=4 � iðp � 1=2ÞnR�1=2; X ¼
R=2 � iðp � 1

2
Þn: The line shape given in Eq. (A.3)

is clearly a random function of the random
variables describing the glass. Its first two cumu-
lants

k1 ¼ o0 þ
X

n

pnnn ðA:5Þ

and

k2 ¼
X

n

pnð1 � pnÞn2
n ðA:6Þ

are random variables. Using Eqs. (5), (A.1) and
(A.5),

k1 ¼o0 þ 2p
X

n

anCðOnÞ
An

En

1

ðrnÞ
3

�
1

1 þ exp½En=ðkbTÞ�
: ðA:7Þ
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