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Infiltration of diffusing particles from one material to another where the diffusion mechanism is either

normal or anomalous is a widely observed phenomena. When the diffusion is anomalous we find

interesting behavior: diffusion may lead to an averaged net drift hxi from one material to another even

if all particles eventually flow in the opposite direction. Furthermore, hxi does not depend on the

properties of the medium in which it is situated, indicating nonlocality of the process. Starting with an

underlying continuous time random walk model we solve diffusion equations describing this problem.

Similar drift against flow is found in the quenched trap model. We argue that such behavior is a general

feature of diffusion in disordered systems.
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Infiltration of diffusing particles from one material to
another is a widely investigated process in many fields of
physics. In recent years much focus was diverted to the
problem when the diffusion in one or in both materials is
anomalous, namely hx2i � t� with � � 1 [1,2]. Among
many examples where this behavior is important are infil-
tration of water into porous soil [3], contaminant diffusion
[4], moisture ingress in zeolites [5] or in fired clay ceramics
[6], diffusion of sugar through a membrane in a gel solvent
[7], and polymer translocation through a membrane pore
[8]. Infiltration is also important in biologically motivated
experiments. For example, protein diffusion is anomalous
in the cell and normal in the exterior, compartments on
membranes indicate that diffusion of proteins is taking
place between different regions with varied diffusion
mechanisms [9], morphogens are subdiffusing in the ex-
tracellular environment where the diffusive properties
change abruptly in space [10].

Consider a large number of diffusing particles infiltrat-
ing from one medium to another. In the absence of driving
forces, and for normal Brownian motion particles initially
in the vicinity of the interface will diffuse into both sys-
tems. As we argue below a different situation occurs when
the diffusion in one of the mediums is anomalously slow:
all particles flow to the slow medium, namely, particles
accumulate in the medium where subdiffusion takes place.
Physically, this is an expected behavior since anomalous
diffusion is related to long trapping times, namely, particles
tend to be trapped in the slower medium and the medium
where anomalous diffusion takes place is absorbing the
particles. Infiltration processes lead also to a net time-
dependent drift hxi. Where is the mean hxi located? One
might argue that if in the long time limit all particles
accumulate in the subdiffusive medium then hxi will be
located somewhere in that medium. However, as we show,
anomalous diffusion processes are more subtle.

Surprisingly, we find situations when asymptotically all
the particles are in one sample (for example in x < 0) but
the average drift hxi is oppositely directed (for example

hxi> 0Þ. This is a paradoxical behavior in the following
sense: let Pðx; tÞ be the normalized probability density
function (PDF) of finding a particle at time t in (x, xþ
dx). One can argue rather generally that if
limt!1

R
0
�1 Pðx; tÞdx ¼ 1, i.e., all particles are in x < 0,

then Pðx; tÞ ¼ 0 for x > 0. Hence the drift should be nega-
tive limt!1hxi ¼

R1
�1 xPðx; tÞdx ¼ R

0
�1 xPðx; tÞdx < 0.

Paradoxically in some cases of subdiffusion we find the
opposite behavior limt!1hxi> 0 even though all particles
are eventually in x < 0. The analysis of this infiltration
problem and solution of this paradox are given in this
Letter.
Model 1: Fractional diffusion equations [2,11].—The

fractional diffusion equation uses the mathematical frame-
work of fractional calculus to model anomalous diffusion
in many systems [2]. Here we consider the semi-infinite
region x < 0 which has subdiffusive dynamics with expo-
nent 0<�� � 1 and diffusion constant K�, whose units
are m2=s�

�
. Similarly, for the domain x > 0, the exponent

0<�þ � 1 and Kþ govern the dynamics. Subdiffusive
processes are described by fractional diffusion equations
[12] (see also [10])

@Pðx; tÞ
@t

¼ 0D
1���
t K� @2

@x2
Pðx; tÞ; x < 0;

@Pðx; tÞ
@t

¼ 0D
1��þ
t Kþ @2

@x2
Pðx; tÞ; x > 0;

(1)

where 0D
1��
t fðtÞ ¼ ��1ð�Þ@=@tRt

0 dt
0fðt0Þðt� t0Þ��1 is

the Riemann-Liouville fractional operator [13]. Without
the boundary conditions soon to be derived Eq. (1) is nearly
useless. The underlying random walk model we consider is
the continuous time random walk (CTRW) [1,2,14], which
is now specified.
Model 2: CTRW.—Consider a jump process on a discrete

lattice with lattice spacing a. For lattice points x < 0, a
particle has the probability 1=2 to jump to one of its nearest
neighbors. Waiting times on each lattice point are indepen-
dent, identically distributed random variables with a com-
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mon PDF c�ð�Þ. For x > 0 a similar unbiased random
walk takes place with a waiting time PDF cþð�Þ. On the
lattice point x ¼ 0 (the boundary) a particle has the proba-
bility to jump right (qþ) or left (q� ¼ 1� qþ) [15] and the
waiting times are exponentially distributed with a rate R0.
Such biased interface is due, for example, to a difference of
chemical potentials between the two samples [16]. Thus, a
particle starting on the origin will jump, say to the right
(with probability qþ) after waiting an average time 1=R0,
then on the lattice point x ¼ a, it will wait for time � drawn
from cþð�Þ, and then with probability 1=2will jump to the
left or right. For subdiffusion the waiting times have power

law PDFs c�ð�Þ / ��ð1þ��Þ or in Laplace � ! s space

c�ðsÞ � 1� B�s��
when s ! 0 [2]. All along this work

we denote the Laplace transform by the variable in the
parentheses fðsÞ ¼ R1

0 dte�stfðtÞ. The generalized diffu-

sion constants are given by K� ¼ lima2!0;B�!0a
2=2B�

[17]. Large numbers of applications of the CTRW model
are discussed in [1,2,14].

Main results and the paradox.—Consider the situation
where �� <�þ, so we call the domain x < 0 the ‘‘slow’’
medium.Wewill soon show that the probability to be in the
slow medium is

P �ðtÞ � 1; t ! 1; (2)

when initially the packet of particles is in the vicinity of the
interface. We also prove that the mean drift is

hxðtÞi � ðqþ � q�Þ
q�

ffiffiffiffiffiffiffi
K�p

�ð1þ ��=2Þ t
��=2: (3)

Thus, independent of the details of the model, all the
particles flow into the slower medium which absorbs
them in the long time limit. However, at the same time if
qþ > q� the drift hxi> 0 is positive and increasing with
time. Namely, hxi is located in the ‘‘fast’’ medium even
though all the particles eventually accumulate in the slow
one. Aweaker paradox is found when qþ ¼ q�, since then
all the particles accumulate in the slower domain but still
hxi ¼ 0. These behaviors are demonstrated in Figs. 1–3.
Notice that while the dynamics in the faster domain x > 0
is clearly important (since hxi may be in that domain) the
mean hxi does not depend on the diffusion constant Kþ of
that medium, nor on the anomalous diffusion exponent�þ.
To understand better these strange behaviors we now turn
to a detailed investigation of the infiltration problem.

The drift hxi.—We sketch the derivation of the drift
using the CTRWapproach. The position of a particle is x ¼P

N
i¼0 �xi, where �xi is the ith displacement and N is the

random number of steps. Since the motion is unbiased in
domains x < 0 and x > 0, we have

hxðtÞi ¼ aðqþ � q�ÞhnzðtÞi; (4)

where hnzðtÞi is the average number of times the particle
visits the origin. We define a three state process: �ðtÞ ¼ 0 if
the particle is on the origin, �ðtÞ ¼ þ1 if the particle is in
x > 0, and �ðtÞ ¼ �1 if the particle is in x < 0. In the long

time limit the number of visits to the origin is independent
of R0 since the average waiting times in state þ and � are
infinite. The waiting times in states þ and � are the first
passage times [18] from x ¼ a to x ¼ 0 and from�a to 0,
respectively. These first passage times in the continuum
limit are one sided Lévy distributions whose long time

(small s) Laplace transforms are [19] ��ðsÞ � 1�
as�

�=2=
ffiffiffiffiffiffiffi
K�p

for x < 0 and similarly �þðsÞ � 1�
as�

þ=2=
ffiffiffiffiffiffiffi
Kþp

for x > 0. The Laplace transform of the
probability to have nz transitions to state �ðtÞ ¼ 0 is found
using the Laplace transform convolution theorem PnzðsÞ ¼
½1� ��ðsÞ� ��nzðsÞ=s, where ��ðsÞ ¼ q���ðsÞ þ qþ�þðsÞ
and hence hnzðsÞi ¼ ��ðsÞ=½sð1� ��ðsÞÞ�. Using the small
s expansion of hnzi and Eq. (4) we obtain for �� <�þ our
main result Eq. (3). The latter agrees well with simulation
in Fig. 2. According to Eq. (3) the sign of the drift, i.e., its
directionality, is determined by the sign of qþ � q�, and
hxi ¼ 0 if qþ ¼ q�. As mentioned, Eq. (3) exhibits a
surprising behavior: hxðtÞi can be very far from the inter-
face, deep in the faster sample x > 0, but still is indepen-
dent of the properties of that region �þ and Kþ.
Boundary conditions and solution of model 1.—Using

the initial condition given by Pðx; 0Þ ¼ �ðxÞ the solution of
Eq. (1) in Laplace space is given by

Pðx; sÞ ¼ CþðsÞ
s�

þ=2�1 expð� jxjs�þ=2ffiffiffiffiffi
Kþp Þ

2
ffiffiffiffiffiffiffi
Kþp �ðxÞ

þ C�ðsÞ
s�

�=2�1 expð� jxjs��=2ffiffiffiffiffi
K�p Þ

2
ffiffiffiffiffiffiffi
K�p ½1� �ðxÞ�; (5)

where �ðxÞ is the step function. To find CþðsÞ and C�ðsÞ
we need two boundary conditions. The conservation of
probability

R
dxPðx; sÞ ¼ 1=s gives C�ðsÞ þ CþðsÞ ¼ 2.

Hence using Eq. (5) we find the first boundary condition

Jþðx ¼ 0þ; tÞ � J�ðx ¼ 0�; tÞ ¼ 1
2�ðtÞ; (6)

FIG. 1 (color online). The drift, hxi, calculated numerically for
the CTRW model (open circles) with �þ ¼ 0:75, Kþ ¼ 0:138,
�� ¼ 0:3, K� ¼ 0:385, qþ ¼ 0:7, and for the quenched trap
model (filled circles) with T=Tþ

g ¼ 0:9, T=T�
g ¼ 0:3 (averaged

over 5� 103 realizations of disorder). Dashed lines represent
long time asymptotic Eqs. (3) and (11).
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where J�ðx; tÞ ¼ �K�
0 D

1���
t @Pðx; tÞ=@x is the probabil-

ity current in x < 0 and similarly for x > 0 [20]. To derive
the second boundary condition we calculate the first mo-
ment, hxðsÞi ¼ R

dxxPðx; sÞ, using Eq. (5)

hxðsÞi ¼ 1

2s
ð

ffiffiffiffiffiffiffi
Kþp

CþðsÞs�ð�þ=2Þ � ffiffiffiffiffiffiffi
K�p

C�ðsÞs�ð��=2ÞÞ:
(7)

We require Eq. (7) to be equal to hxðsÞi Eq. (3) calculated
from the CTRW model. For �� <�þ, Eqs. (3) and (7)
yield when s ! 0,

CþðsÞ � 2qþ

q�

ffiffiffiffiffiffiffi
K�

Kþ

s
sð�þ���=2Þ; C�ðsÞ ¼ 2� CþðsÞ: (8)

Using Eqs. (5) and (8) we derive the second boundary
condition

qþK�s���
Pðx ¼ 0�; sÞ ¼ q�Kþs��þ

Pðx ¼ 0þ; sÞ; (9)

which shows that generally the PDF at the boundary is not
continuous, similar to the normal diffusion case [15]. Such
a jump in the PDF on the origin is shown in Fig. 3.

Occupation fraction.—From Eqs. (5) and (8) the proba-
bility P�ðtÞ to be in the slow medium x < 0 is easily
obtained. In Laplace space P�ðsÞ ¼ R

0
�1 dxPðx; sÞ ¼

C�ðsÞ=ð2sÞ. In the long time limit equivalent to s ! 0 we

get P�ðsÞ � 1=½sð1þRðsÞ� with RðsÞ ¼ ðqþ ffiffiffiffiffiffiffi
K�p Þ=

ðq� ffiffiffiffiffiffiffi
Kþp Þsð�þ���Þ=2. When �� <�þ we get P�ðsÞ �

1=s when s ! 0; hence the probability to be in x < 0 is
P�ðtÞ � 1when t ! 1 as stated in our main result Eq. (2).
Namely in the long time limit all the particles flow to the
region x < 0, where the diffusion is slower (see Fig. 2). A
similar result can be obtained from the CTRW model
including the correction term [16]

P �ðtÞ � 1� qþ
ffiffiffiffiffiffiffi
K�p

q�
ffiffiffiffiffiffiffi
Kþp tð����þ=2Þ

�ð2þ ����þ
2 Þ : (10)

Equation (10) is in excellent agreement with numerical
simulations (see Fig. 2).
Paradox and its explanation.—As mentioned, we ob-

serve a paradoxical situation where all particles eventually
flow to the slower domain but the average drift hxi is in the
fast domain and is increasing with time. An explanation of
this strange behavior is as follows. Although the region
with smaller � will accumulate more and more particles as
the time proceeds, for any long time there will always be
some particles in the opposite region where � is larger. The
minority of particles are located in the faster domain and
are moving more freely compared with the majority of
particles which are accumulating in the slow medium.
These faster particles travel far away from the interface
and this swiftness in motion will compensate the accumu-
lation of particles in the slower medium. This behavior is
illustrated in Fig. 3 where we clearly see the majority of
particles in the slow domain; however, the tail of Pðx; tÞ is
extending deeply into the fast domain. Thus for our com-
posite system rare events in the tail of Pðx; tÞ are important
for the determination of the mean hxi. In other words, while
Pþ ¼ 1� P� ¼ R1

0 Pðx; tÞdx ! 0,
R1
0 xPðx; tÞdx does

not approach zero. While dynamics in the faster domain
(x > 0) is clearly important (since hxi> 0), note that hxi is
independent of the diffusion properties of the domain x >
0. Surprisingly, hxi Eq. (3) does not depend on �þ and Kþ.
This fact we explained by the observation that the mean
drift is controlled by the first passage times in the slower
domain, which in the long time limit is statistically longer
than the first passage times in the fast medium.

FIG. 2 (color online). The occupation fraction in x < 0, P�ðtÞ,
calculated numerically for the CTRW model (open circles) and
for the quenched trap model (filled circles). Parameters are the
same as in Fig. 1. The dashed-dotted line given by Eq. (10)
describes how P� approach its limit P� ! 1. Notice that all the
particles flow to the left, however, hxðtÞi> 0, namely, particles
drift to the right (see Fig. 1).

FIG. 3 (color online). PDF of the particle’s position Pðx; tÞ,
calculated numerically by the CTRW model (dotted line) per-
fectly agrees with analytical theory (dashed line) found inverting
Eqs. (5) and (8) to the time domain. The figure illustrates that the
majority of the particles are found in the slow domain x < 0;
however, the tail of the PDF extends deeply into the fast domain.
Thus, even if eventually all the particles will be accumulated in
the slow domain on the left, hxi will be located in the fast domain
on the right. We used �� ¼ 0:3, K� ¼ 0:385, �þ ¼ 0:8, Kþ ¼
0:108, and qþ ¼ 0:7 at time t ¼ 108. The drift is equal to hxi ¼
14:2.
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Model 3: Quenched trap model.—We proceed to show
that effects discussed for the CTRW model and fractional
diffusion equation are found also for systems with
quenched disorder. Consider the quenched trap model
where a particle is undergoing a one-dimensional random
walk on a quenched random energy landscape on a lattice
[1,21]. On each lattice point a random energy Ex > 0 is
assigned, which is the depth of a trap on site x and the
escape time from a trap is �x ¼ expðEx=TÞ. The energies
are random variables distributed with a common PDF
�ðEÞ ¼ ð1=TgÞ expð�E=TgÞ. In the composite quenched

trap we have T�
g for x < 0 and Tþ

g for x > 0. Once T=Tg <

1 one finds a subdiffusive phase [1,21]. If T�
g > Tþ

g me-

dium x < 0 is the slower medium in the sense that statis-
tically the traps in that medium are deeper. In this model
we have jumps to nearest neighbors with equal probability,
with waiting times �x, and the interface is defined in a way
similar to the CTRW model. Numerical simulations reveal
behaviors which are similar to those we found for the
annealed models considered so far. Namely, for Tþ

g < T�
g

we find the drift (C is a constant)

hxi � Cðqþ � q�ÞtT=ðTþT�
g Þ; (11)

which is positive for qþ > q�, while particles are accu-
mulating in x < 0, P� ! 1 as shown in Fig. 2. We antici-
pate that similar behaviors will take place in other models
of transport with composite quenched disorder.

Suggested experiment.—It is interesting to verify ex-
perimentally our theoretical predictions. While systems
mentioned in the introduction are candidates, we sug-
gest to investigate anomalous infiltration of magnetic
beads in the actin network (where anomalous diffusion
takes place) into water (where diffusion is normal). The
former well-investigated system [22] is ideal in the sense
that one may control � by changing the diameter of the
bead and thus in principle one can control the magnitude of
the effects discussed in this manuscript. To investigate
infiltration one needs to maintain the actin network in a
localized part of a system which is experimentally pos-
sible [23].

To summarize, we investigated infiltration in subdiffu-
sive systems. Both for the annealed CTRW model and for
the quenched trap model all the particles will be accumu-
lated in the slow medium reflecting the longer trapping
times there. The direction of the averaged drift is deter-
mined by breaking of the symmetry qL � qR in our model.
This leads to interesting and we believe general phe-
nomena unique to anomalous diffusion. The drift hxi may
be located deep in the fast domain even if eventually all the
particles flow in the opposite direction. The drift does not
depend on the properties of the fast domain; i.e. hxi is
independent of �þ and Kþ even though hxi might be
located deep in that medium. This surprising result, that
drift does not depend on the properties of the medium in
which it is located, was explained by analyzing the first

passage time to the origin, which are statistically domi-
nated by the slow medium.
This work was supported by the Israel Science

Foundation. We thank D. Kessler, S. Burov, and S. Carmi
for helpful remarks and M. Elbaum, Y. Garini, and E.
Sloutskin for suggesting possible experimental tests.

[1] J.-P. Bouchaud and A. Georges, Phys. Rep. 195, 127
(1990).

[2] R. Metzler and J. Klafter, Phys. Rep. 339, 1 (2000).
[3] A. E. G. El Abd and J. J. Milczarek, J. Phys. D 37, 2305

(2004); A. Klemm, R. Metzler, and R. Kimmich, Phys.
Rev. E 65, 021112 (2002).

[4] J.W. Kirchner, X. Feng, and C. Neal, Nature (London)
403, 524 (2000); S. Fomin, V. Chugunov, and T. Hashida,
Transp. Porous Media 81, 187 (2010).

[5] E. N. de Azevedo et al., Phys. Rev. E 74, 041108 (2006).
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