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We consider the theory of single photon on demand from a two level atom or molecule

source. Using optical Bloch equations and the generating function formalism we investigate

three approaches to single photon control: (i) the square laser pulse; (ii) the square

modulation of absorption frequency; and (iii) the rapid adiabatic following approach investigated

in the experiments of Brunel et al., Phys. Rev. Lett., 1999, 83, 2722. We discuss the

conditions for obtaining the maximum of the probability of emission of a single photon and a

pair of photons, under the constrains of finite field strength and finite interaction time with

excitation field. We obtain analytical expression for the probability of emitting zero, one, and two

photons for the square pulse, and discuss semi-classical and strongly quantum limiting cases.

Numerical results obtained from the generating function formalism are compared with

experimental results showing that the two level system approach is suitable for the description of

cryogenic temperature single molecules, and that experiments were conducted very close to the

optimal conditions.

1. Introduction

The generation of a single photon on demand, is motivated by

fundamental interest in quantum properties of light,1 as well as

possible applications like quantum computation, cryptology,

and communication.2–5 Single photon experiments using two

level rubidium atoms,6 single molecules,7–9 single quantum

dots,10–12 or nitrogen vacancy color centers,13 are nowadays

considered in detail due to these applications. Besides single

photon sources, sources of pairs of photons are also impor-

tant, due to useful properties of indistinguishable photons and

entanglement.14–17 Besides quantum information, single

photon experiments are useful for the investigation of the

interaction of single molecules with their environment. For

example, one may use single photon sources to study fluctua-

tions of lifetimes of single molecules, or decoherence behavior

on the single photon level e.g. ref. 18. Such single photon

strategies are likely the most delicate optical measurement one

can make on a single quantum system. A generic interesting

problem in single photon, or a few photon sources, are

fluctuations in the number of photons emitted, and in the

time of emission, due to the quantum nature of the emission

process.

Brunel et al.8 used rapid adiabatic passage to control the

emission of a few photons from a single molecule. The method

is based on the manipulation of the absorption frequency of

the molecule using the Stark effect. Imagine that we may

change the absorption frequency of a molecule using an

external knob. For a period of time T we set the absorption

frequency of the molecule in resonance with a driving con-

tinuous wave (cw) laser field. After the time interval T we

change the absorption frequency of the molecule, in such a

way that the emitter is far from resonance, namely the

molecule effectively does not interact with the laser field. If

T is not too long and not too short compared with the lifetime

of the excited state and other parameters of the laser field (see

details below), we may design a set of control parameters to

generate a few photons. Such a device was obtained in ref. 8,

who used the Stark effect (i.e. the knob) to modulate the

absorption frequency of an organic molecule (DBATT) inter-

acting also with a cw laser at cryogenic temperatures, and

obtained a small though fluctuating number of photons

i.e. typically N = 0, 1 or 2.

In other experiments, the molecule is allowed to interact

with a sequence of laser pulses, in such a way that the molecule

emits a few photons per pulse. Using statistical analysis of

photon arrival times, one may obtain information on mole-

cular radiative and non-radiative processes.

Here we analyse the theory of single photon sources. We

consider both the rapid adiabatic following method and a

molecule interacting with a sequence of square pulses. Simple

models are used to shed light on basic questions on single

photon sources. For example: What is the probability of

emission of N = 0, 1, 2 photons? How to design the optimal

external fields to maximize the probability of single photon

emission or the probability of the emission of a pair of

photons. We consider such optimization under the constraint

of finite time and strength of the excitation laser field.

Since photons emitted from a single source are anti-

bunched19–21 a quantum mechanical treatment of the problem

is required. A powerful formalism for the calculation of

photon statistics are the generalized optical Bloch equations

and the generating function formalism. The equations of

motion for the generating function were given by Cook26 for

a two level atomic transition interacting with a cw laser (and
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see also Zheng and Brown28 and Mukamel27 for more general

discussion of the generating function method). Brown and co-

workers28–30 and He and Barkai31,32 considered the important

case for single molecule spectroscopy, of a stochastic time

dependent modulated detuning, i.e. the case of spectral diffu-

sion. Here the generating function method is used for the

calculation of the probability of N emission events for a

deterministic field, designed in such a way to yield a few

photons. The results obtained using the generating function

formalism, could in principle be obtained using other meth-

ods, for example the time ordering formalism33–36 or numer-

ical simulations of the quantum jump approach to photon

statistics,22–24 however we find that the generating function

formalism is very useful for analytical calculations. For a

review of single molecule photon statistics see ref. 37.

As mentioned, the motivation for optimization of single

photon sources, besides the academic one, stems from possible

applications, which are discussed in the literature. Here we

also optimize a source of a pair of photons. In the process of

fluorescence from a single two level emitter, a pair of photons

are obviously not emitted at the same time, they are separated

by a time which is at least as large as the lifetime of the excited

state. Hence, such a pair are distinguishable.15 Since certain

applications demand a source of indistinguishable photons, at

first it might seem of little practical interest to consider the

problem of optimization of the emission of a pair of photons

from a simple two level single molecule. However clever

experiments of Santori et al.15 solved this problem in a

conceptually simple way. They use a single molecule as a

source of a pair of photons, and then they delay one of the

photons, by a time which is roughly the time between emission

events. In this method, not all pairs of photons turn out

indistinguishable, since one may delay either the first emitted

photon, or the second photon, or both or none (only the delay

of the ‘‘second’’ photon will yield indistinguishable photons).

Still a source of indistinguishable pair of photons, from a

quantum dot source, was already proven in the laboratory.

Hence in our opinion the optimization problem of a source of

a pair of photons is also timely.

This paper is organized as follows. In section 2 we present

models and the generating function formalism used through-

out this text for the calculation of photon statistics.

Exact solution for the square pulse is provided in section 3

as well as detailed investigation of photon statistics for this

important case. Note that some of the results in section 3

are general and used throughout the text. In sections 4 and 5

we discuss the square frequency modulation and the rapid

adiabatic following method, respectively. Section 6 is a

summary. A brief summary of some of our results was

recently published.38

2. Models and generalized optical Bloch equations

2.1. Models: square pulse, rapid adiabatic method

Consider a two level system, with the bare absorption fre-

quency o0, and the spontaneous emission rate from the excited

state G. A slow external field modulates the molecule’s absorp-

tion frequency, using the Stark effect, thus the molecule’s

absorption frequency is o0 + d(t).8 In addition, the molecule

is interacting with a cw laser field in resonance with the

molecule oL = o0. Hence the detuning is d(t), a time depen-

dent control field determined by the experimentalist. An

example of a detuning used in ref. 8 is

dðtÞ ¼ DRF

2
cosðnRFtÞ: ð1Þ

Here nRF is the radio frequency (RF) modulation, with a

period longer than the lifetime of the excited state 1/G, and

DRF is the interval swept by the RF field. A second type of

detuning which we investigate here, is a square sequence with

d(t) a periodic function d(t) = d(t + T + T0) with a unit cell

dðtÞ ¼ D

0

�
0otoT0

T0otoT0 þ T
ð2Þ

and see Fig. 1 for a schematic presentation of this pulse. The

strength of the interaction between the laser field and mole-

cule, is described using the Rabi frequency O.

In these schemes the molecule comes in and out of

resonance with the laser field. The goal in experiments in

the field of photons on demand is to obtain a few photons

or one photon per crossing of resonance. Note that to obtain a

few photons from this scheme, we must require certain ob-

vious conditions. First that D c G,O otherwise the system is

never out of resonance. We must also demand that T0 4 1/G

so that we may identify the emission of a photon with a

crossing of resonance. As mentioned, the time in resonance T

should not be too short neither too long, we expect that for T

C O to find T of the order of 1/G. If this is not the case then

either the molecule will emit many photons or none. For the

sinusoidal field similar limitations of DRF and nRF are dis-

cussed in ref. 8

Fig. 1 The absorption frequency of the molecule as modeled in eqn

(2). Such control of molecular properties is obtained in principle using

a slow external field i.e. the Stark shift. The molecule’s absorption

frequency is modulated in such a way that it comes into (out of)

resonance with the cw laser field for time intervals of duration T (T0),

respectively. Namely, the laser frequency oL is equal to the bare

electronic transition frequency o0 and D c O,G where D is the

controlled frequency shift. The photon emission occur either within

the in resonance time intervals T or in a time interval of the order of 1/G

after the switching event from in resonance to out of resonance.

This journal is �c the Owner Societies 2006 Phys. Chem. Chem. Phys., 2006, 8, 5056–5068 | 5057



Another powerful method commonly used in single emitter

experiments, is to let the emitter interact with a sequence of

laser pulses. Here we model such behavior using a periodic

time dependent Rabi frequency

OðtÞ ¼ O 0otoT

0 TotoT þ T0;

�
ð3Þ

and O(t + n(T + T0)) = O(t) where n = 1,2. . . and detuning

equal to zero d(t) = 0. We assume that T0 c T and T0 c 1/G

so that the pulses are well separated, and we may identify each

emission event with a particular pulse. Note that within this

approach the transition dipole moment of the molecule is

effectively controlled via the change of the Rabi frequency,

while for the rapid adiabatic following method it is the

absorption frequency that is controlled.

In Fig. 2 we show an example of two model single mole-

cules, the first interacting with the sinusoidal RF field and the

second with a sequence of square detuning modulation. First

note that the average number of photons is increasing with

time in steps of height equal one. The increments occur when

the molecule is brought into resonance with the cw field. In a

single molecule experiment there is no averaging. In fact, the

average hNi describes an ensemble of molecules. Instead, in

single molecule experiments, the number of photons increases

in steps of size one, however these steps are random, namely

more than one photon or zero photons might be emitted

per sweep. We analyse these type of fluctuations in this

manuscript. Also note that for the set of parameters consid-

ered in Fig. 2 the sinusoidal field eqn (1) and the sequence

of square frequency modulations, eqn (2), yield on average

an identical number of photons. However, the fluctuations in

the number of photons for these two types of control fields

can be different.

We see that the theory of photons on demand is a control

problem25 where the basic question is how to design the best

control fields for the emission of a few photon states under

physical constrains. Unlike most theories of molecular con-

trol, here we consider a single molecule and hence the im-

portance of fluctuations (demonstrated in Fig. 2) which are

removed when an ensemble of molecules is investigated.

2.2. Generating function formalism

Let N be the random number of photons emitted by a single

molecule source in a time interval (0,t), and PN(t) is the

probability of N emission events. The information about the

photon statistics is contained in the moment generating

function28

2Yðs; tÞ �
X1

N¼0
sNPNðtÞ: ð4Þ

Once we obtain the moment generating function, using eqn (9)

soon to be presented, we may calculate the probabilities

P0ðtÞ ¼ 2Yð0; tÞ;P1ðtÞ ¼ 2
@Yðs; tÞ
@s

js¼0;

P2ðtÞ ¼
@2Yðs; tÞ
@s2

js¼0;
ð5Þ

and similarly for PN(t) with N 4 2, or the mean

hNðtÞi ¼ 2
@Yðs; tÞ
@s

js¼1; ð6Þ

and the factorial moment

hNðN � 1Þi ¼ 2
@2Yðs; tÞ
@s2

js¼1: ð7Þ

Eqn (6) and (7) can be used to calculate the Mandel

parameter

Q ¼ hN
2i � hNi2
hNi � 1; ð8Þ

which classifies deviations from Poissonian behavior. Namely

Q= 0 when photon statistics is Poissonian, Qo 0 and Q4 0

are called sub and super Poissonian statistics, respectively.39

The generating function is related to the density matrix in the

following way. The 2 � 2 density matrix describing the two

level emitter has four elements, the populations ree, rgg, and

the off diagonal terms describing the coherence reg and rge,

where e and g denote the excited and ground states. Since we

are interested in the statistics of photons emitted by this

system, we use the conditional populations and coherences26,28

s(N)
ee , s(N)

gg , s
(N)
eg , s(N)

ge , where (N) is an index for the number of

photons spontaneously emitted. The relation between r and s

is given by rgg ¼
P1

N¼0 s
ðNÞ
gg etc. Generating functions

Gijðs; tÞ ¼
P1

N¼0 sNs
ðNÞ
ij ðtÞ with i, j equal e or g are useful

for calculations, since they yield the main quantity under

investigation: the generating function Y(s,t) which in turn

gives PN(t) the probability of N emission events in the time

interval (0,t).

Fig. 2 The average number of emissions hNi as a function of

time for (i) a sinusoidal field eqn (1) (solid curve) and (ii) a sequence

of square frequency modulations (circles) eqn (2). Both field

parameters are optimized in such a way as to yield steps of size

hNi = 1, namely on average a single photon is emitted per pulse

or crossing. In a single molecule experiment, before averaging, the

stairway is random, as shown by the dot-dashed curve. Parameters

are chosen as: (i) sinusoidal RF field: G = 20 MHz, O = 3.285G,

DRF =125G, nRF =3MHz (solid curve), (ii) pulse field: G=20MHz,

O = 2.815G, T = 1G�1, T0 = 20G�1 and D = 90G (circle), (iii)

Quantum jump simulations22 are used for a single realization of the

photon counting process, using the parameters of the RF field (dot-

dashed curve).
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The generalized optical Bloch equations which yield the

generating function Y(s,t) are,26,28

_Uðs; tÞ ¼ �G

2
Uðs; tÞ þ dðtÞVðs; tÞ

_Vðs; tÞ ¼ �dðtÞUðs; tÞ � G

2
Vðs; tÞ � OðtÞWðs; tÞ

_Wðs; tÞ ¼ OðtÞVðs; tÞ � G

2
ð1þ sÞWðs; tÞ � G

2
ð1þ sÞYðs; tÞ

_Yðs; tÞ ¼ �G

2
ð1� sÞWðs; tÞ � G

2
ð1� sÞYðs; tÞ:

ð9Þ

Here the generalized Bloch vector is composed of28 U(s,t) �
(Ggee

�iwLt + Gege
iwLt)/2, V(s,t) � (Ggee

�iwLt � Gege
iwLt)/(2i),

W(s,t) � (Gee � Ggg)/2, Y(s,t) � (Gee + Ggg)/2. Similar to the

standard Bloch vector,U andV describe coherences, whileW

yields population differences. Note that when s = 1 we get the

standard Bloch equation for U, V and W.

The generalized Bloch eqn (9) are the main tool of this

paper. They are exact within the rotating wave approximation

and optical Bloch equation formalism, e.g. it is assumed that

the spontaneous emission is described by a rate G which does

not depend on field parameters and the laser field is classical.

Interaction of the molecule with the bath, including effects of

spectral diffusion and dephasing are not considered here. One

goal of single photon on demand is to use eqn (9) and find

control fields d(t) and O(t) which under physical constrains

(e.g. not too strong laser fields) yield a few photons on

demand. The specific goal in applications varies, for example,

as mentioned in the Introduction some experiments are inter-

ested in single photon sources, while others consider two

photon sources. We will consider the optimization (i.e. the

maximization) of P1 and P2.

3. Square pulse

3.1. Solving the generalized Bloch equations

We consider the text book example of a square pulse where the

Rabi frequency is

OðtÞ ¼ O 0otoT

0 Tot;

�
ð10Þ

and the detuning is zero, which represents a ‘‘unit cell’’ of the

square sequence eqn (3) if T0 c T,1/G. Initially the molecule is

in its ground state, it is described by a 2 � 2 density matrix,

with zero off diagonal elements and population in ground state

rgg(t = 0) = 1, while population in excited state is zero

ree(t = 0) = 0. Translating this initial condition to the forma-

lism based on generalized Bloch vector we have

ðUðs; 0Þ;Vðs; 0Þ;Wðs; 0Þ;Yðs; 0ÞÞ ¼ 0; 0;� 1

2
;
1

2

� �
: ð11Þ

HereU(s,0) =V(s,0) = 0 means that initially the off diagonal

density matrix elements are zero, and W(s,0) = [ree(t = 0) �
rgg(t = 0)]/2 = �1/2 is the population difference between the

excited and ground state, respectively,28 while Y(s,0) = 1/2 is

found using the initial condition and eqn (4).

In the time interval 0 o t o T the equations of motion for

the generating function are

X1
n¼0 PnðtÞ ¼ 1 ð12Þ

where we used zero detuning condition oL = o0. For con-

venience we use natural units with G = 1, unless mentioned

otherwise. We Laplace transform eqn (12), then diagonalize

the 4 � 4 matrix of coefficients on the right hand side of eqn

(12), and using eqn (11) we find

_Uðs; tÞ ¼ �G

2
Uðs; tÞ

_Vðs; tÞ ¼ �G

2
Vðs; tÞ � OWðs; tÞ

_Wðs; tÞ ¼ OVðs; tÞ � G

2
ð1þ sÞWðs; tÞ � G

2
ð1þ sÞYðs; tÞ

_Yðs; tÞ ¼ �G

2
ð1� sÞWðs; tÞ � G

2
ð1� sÞYðs; tÞ

ð13Þ

Here and all along, this work the Laplace transform of a

function f(t) is denoted with f̂(z).

Consider now the time interval T o t when O = 0. The

equations of motion for the generating function are

U
_

ðs; zÞ
V
_

ðs; zÞ
W
_

ðs; zÞ
Y
_

ðs; zÞ

0
BBBB@

1
CCCCA
¼

0
Oð1þzÞ

O2ð1�sþ2zÞþzð1þ3zþ2z2Þ
1þ3zþ2z2

2O2ð�1þs�2zÞ�2zð1þ3zþ2z2Þ
� 1þ2O2þ3zþ2z2

2O2ð�1þs�2zÞ�2zð1þ3zþ2z2Þ

0
BBBB@

1
CCCCA
: ð14Þ

These equations of motion are very simple, since now the

molecule is not interacting with the laser field. We are inter-

ested in information on photon statistics hence we need only

consider Y(s,t) which according to eqn (14) is

_Uðs; tÞ ¼ � 1

2
Uðs; tÞ

_Vðs; tÞ ¼ � 1

2
Vðs; tÞ

_Wðs; tÞ ¼ � 1

2
ð1þ sÞW s; tð Þ � 1

2
ð1þ sÞYðs; tÞ

_Yðs; tÞ ¼ � 1

2
ð1� sÞWðs; tÞ � 1

2
ð1� sÞYðs; tÞ:

ð15Þ

Here W(s,t) and Y(s,t) are the matching initial conditions,

namely the inverse Laplace transform of Ŵ(s,t) and Ŷ(s,z) in

eqn (13) at time T. We investigate photon statistics long after

the square pulse was completed, using eqn (15)

Yðs; tÞ ¼ 1

2
Wðs;TÞð�1þ sÞð1� e�ðt�TÞÞ

þ 1

2
Yðs;TÞð1þ sÞð1� e�ðt�TÞÞ þYðs;TÞe�ðt�TÞ:

ð16Þ
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Once we find W(s,T) and Y(s,T) we obtain using eqn (16)

and (5)

lim
t!1

Yðs; tÞ ¼ 1

2
Wðs;TÞð�1þ sÞ þ 1

2
Yðs;TÞð1þ sÞ: ð17Þ

For the average number of emitted photons eqn (6)

P0 ¼ �Wð0;TÞ þWð0;TÞ

P1 ¼
@

@s
½�Wðs;TÞ þYðs;TÞ�s¼0þWð0;TÞ þYð0;TÞ

P2¼
1

2

@2

@s2
½�Wðs;TÞþYðs;TÞ�js¼0þ

@

@s
½Wðs;TÞþYðs;TÞ�s¼0 :

ð18Þ

where the first two terms on the right hand side of the equation

give the population of the excited state of the molecule at time

T, hence these terms describe the average number of photons

emitted after the pulse was turned off. Fluctuations are

characterized using eqn (7) and (16)

hNi ¼W 1;Tð Þ þ 1

2
þ 2

@Yðs;TÞ
@s

js¼1; ð19Þ

Eqn (18) and (19) yield Mandel’s Q parameter defined in eqn

(8). Equations similar to eqn (17) for PN with N 4 2 can be

easily derived using eqn (16). Here PN is the probability for N

emission event at times much longer than the pulse duration T.

The time dependence of PN(t) is not considered here for the

sake of space. Similarly hNi and Q in eqn (18) and (8) are

calculated only for times t much longer than T. From eqn (17)

we learn that to find P0,P1,P2,hNi,Q we must obtain the

derivatives of Y(s,t) and W(s,t), with respect to s and let

s= 0 or s= 1. Calculation of PN based on the inverse Laplace

transform of (13) becomes cumbersome already for small N.

Note that eqn (17)–(19) are general, they are valid for any

pulse shape which is zero for times t 4 T.

3.2. Main results

We obtained exact expressions for the probabilities of emis-

sion of zero, one, two and three photons, P0,P1,P2,P3 and the

moments hNi and hN(N � 1)i for the square pulse given in eqn

(10). We use units with G = 1 and define

hNðN � 1Þi ¼ 2
@Wðs;TÞ

@s þ @Yðs;TÞ
@s þ @2Yðs;TÞ

@s2

h i
js¼1:. We find after

some algebra outlined in Appendix A

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4O2

p
ð20Þ

P0 ¼
e�

T
2

2y2
ð1þ y2Þcosh T y

2

� �
þ y2 � 1þ 2ysinh

T y

2

� �� �
;

ð21Þ

P1 ¼
ð1� y2Þe�

T
2

8 y5
y ð�8þ T þ 4 y2 þ T y2Þ cosh T y

2

� ��

þ2 y ð4þ T � 2 y2 � T y2Þ þ 2 ð�3þ ð1þ TÞ y2Þ sinh T y

2

� ��
;

ð22Þ

P2 ¼
ðy2 � 1Þ2 e�

T
2

64y8

�
�
½TðT þ 8Þy4 þ ðT2 � 28T � 32Þy2 þ 96�

cosh
Ty

2

� �
þ 4½TðT þ 4Þy4

� ðT2 þ 8T � 8Þy2 � 24� þ 2y½ðT2 � 24Þy2

�Tðy2 þ 9Þ þ 60� sinh Ty

2

� ��
;

ð23Þ

P3 ¼
ð1� y2Þ3 e�

T
2

768y11

�
�
½12ð�256þ 41TÞyþ ð1152� 36T � 60T2 þ T3Þy3

þ T2ð12þ TÞy5�cosh Ty

2

� �
� 8y� ½ð48T þ 6T2y2Þ

ðy2 � 2Þ þ T3y2ðy2 � 1Þ þ 48ð3y2 � 8Þ�

þ ½�2520þ 12ð70þ 58T � 3T2Þ

y2 � 2Tð108þ 6T � T2Þy4�sinh Ty

2

� ��
;

ð24Þ

hNi ¼ O2

ð1þ 2O2Þ2

(
Tð1þ 2O2Þ � 2þ 2O2 þ e

�3T
4

�
"
ð2� 2O2Þcosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 16O2

p T

4

� �

þð2� 14O2Þ sinh ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 16O2
p

T
4
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 16O2
p

#)
:

ð25Þ

where

hNðN � 1Þi ¼ ð1� x2Þ2
8

� e�
3T
4
þxT

4
12� ð16þ 3TÞx� 2ð6þ TÞx2 þ Tx3

ð�3þ xÞ4 x3

(

þ e�
3T
4
�Tx

4
�12� ð16þ 3TÞxþ 2ð6þ TÞx2 þ Tx3

ð3þ xÞ4 x3

þ2 ½T
2ð�9þ x2Þ2 þ 32ð63þ 5x2Þ þ 2Tð�351þ 30x2 þ x4Þ�

ð�9þ x2Þ4

)
;

In Fig. 3 and 4 the probability of emission of a single photon

and a pair of photons is shown. For P1 we see that for large O

and short pulse duration T- 0, a single photon emission with

probability P1 C 1. As we will show such a single photon event

is found only when the well known p pulse condition is

satisfied. For strong fields P1 exhibits bounded Rabi oscilla-

tions, which are easier to visualize in Fig. 5. For large O, PN
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reaches an oscillatory steady state behavior. This steady state

is due to the finite interaction time T, it means that increasing

the field strength does not change the general behavior of PN

in this limit, since the number of photons emitted is bounded

due to the finiteness of T. For weak Rabi frequency PN

exhibits a transient behavior.

3.2.1. Limiting behaviors of P0,P1,P2

In the limit of strong laser field O c 1

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 16O2

p
ð26Þ

Hence for large O, P1 shows an oscillatory behavior, related to

the Rabi oscillations of the excited state population, and is

bounded according to

P1 �
e�

T
2

8
½4þ 2T � ð4þ TÞcosðOTÞ�: ð27Þ

In Fig. 6 a comparison is made between the approximation

eqn (26) and the exact result, showing a reasonable agreement

even when O = 3. Eqn (26) shows that for a fixed Rabi

frequency P1 has a maximum, which is found neither for too

small values of T nor for too large values of T. This behavior is

of course expected, if T is too small we get P1 C 0 and P0 C 1

while if T is large the probability of emission of more than one

photon will become close to one. A transcendental equation

for the value of T which yields extremum of P1 is found using

eqn (26) and qP1/qT = 0

Te�
T
2

8
� P1 �

ð8þ 3TÞe�
T
2

8
: ð28Þ

Since P1 is oscillating in this limit of strong fields, there exists

an infinite number of solutions of this equation. The maximum

Fig. 3 The probability P1 of the emission of a single photon in a

square pulse versus the Rabi frequency and the interaction time of the

pulse T. A transition between a strong field behavior Oc G to a weak

field limit is observed. The global maximum of P1 is equal unity and is

found for a strong and short p pulse.

Fig. 4 The probability P2 of the emission of a pair of photons using a

square pulse. Similar to P1 a transition between strong fields, char-

acterized by Rabi oscillations, to weak field behavior is observed.

However unlike the P1 case, the global maximum of P2 is found for

intermediate fields and is less trivial. Further, this global maximum is

far from the ideal limit P2 = 1.

Fig. 5 The probabilities of emission of zero (solid curve) one (dashed

curve) and two (dot-dashed) photons in a square pulse field. Para-

meters are G = 20 MHz, T = 5G�1. Notice the non-zero lower bound

for P1 and P2 found for strong fields, indicating that for fixed finite T

we cannot make these probabilities vanish, neither can we make them

unity. See the text for further details on the bounds.

Fig. 6 Under-damped behavior of the probability of the emission of

one photon in a pulse field. Parameters are G = 20 MHz, O = 3G.

Dashed curve is the approximation eqn (26), solid curve is the exact

result eqn (21).
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of P1 which we call PMax
1 for large O is the first root of this

equation. For O c 1, eqn (28) gives O sin(OT) = 0 hence the

value T C pO yields the maximum of P1 and

�2T þ ð2þ TÞcosðOTÞ þ 2ð4þ TÞOsinðOTÞ ¼ 0: ð29Þ

In the limit O - N we get PMax
1 = 1 the well known p pulse

limit, soon to be discussed.

Consider a short and strong pulse shape, in such a way that

T - 0 and O - N while the product OT remains finite, we

find

PMax
1 ’ e�p=ð2OÞ 1þ 3p

8O

� �
: ð30Þ

We see that when OT = p + 2np, P1 = 1. This is the well

known p pulse, which yields a single photon with probability

equal one. In our model only such a short p pulse yields P1 =

1 while for finite values of O and T we get P1 o 1, as expected.

Thus the p pulse yields the global maximum of P1.

In the opposite limit of O - 0

lim
O!1;T!0

P1 ¼ sin2
OT

2

� �
: ð31Þ

where T is fixed and finite. So, as expected, when the Rabi

frequency is small so is P1, more generally one can show that

P0 p O0, P1 p O2, P2 p O4, for weak laser fields.

A more interesting limit is to let O - 0 and T - N in such

a way that O2T remains finite. We call this limit a semi-

classical limit for reasons to become clear soon. In this limit

P1 � ½T þ 2ðe�
T
2 � 1Þ�O2; ð32Þ

the maximum of P1 is found when O2T = 1 and

lim
T!1;O!0

P1 ¼ O2Te�O
2T ; ð33Þ

Thus, when the laser field is very weak, we may find a very

large time T = 1/O2 that maximizes PMax
1 and the value of

PMax
1 is not zero even though the interaction time T is very

long. In Fig. 7 a comparison between the semi-classical result

eqn (32) and exact result is made.

The Rabi frequency O = 1/2 marks the transition between

over-damped to under-damped behavior of P1. In this case we

find

lim
T!1;O!0

PMax
1 ¼ e�1: ð34Þ

We find PMax
1 C 0.56 when T = 6.75. The general trend

compared with the strong field case, is easily understood, as

the laser field becomes weaker the maximum of P1 is decreas-

ing and the values of T on which this maximum is obtained are

increasing.

In Fig. 8 we show the maximum of P1 obtained using eqn

(21). Fig. 8 shows for each Rabi frequency the value of the

maximum of P1 and the duration of pulse interval on which

this maximum is found. For very short and strong square

pulse PMax
1 = 1. This is the global maximum which as

mentioned is found for a p pulse. In the limit of strong fields

eqn (29) is shown to yield a good approximation, and PMax
1 is

slowly decreasing as O is decreased. When OC G the behavior

of PMax
1 changes, as it starts to decrease rapidly. In this

intermediate limit, of not too strong neither too weak fields,

PMax
1 is well described by eqn (34) when O = 1/2. Then, for

even smaller values of driving fields, O { G, a weak field

behavior is found where values of T which maximize P1

become large, and asymptotically the semi-classical limiting

behavior eqn (33) PMax
1 = e�1 is valid.

For P2 we find in the limit of strong laser field O - N

P1 ¼
T2ð480þ 160T þ 20T2 þ T3Þ

7680
e�

T
2 ð35Þ

thus similar to P1, P2 exhibits bounded Rabi oscillations (see

Fig. 5). However, while the probability of emission of a single

photon in this limit may reach the value one (a short p pulse), a

Fig. 7 The probability of emission of one photon in a pulse field as a

function of duration of the interaction T. Parameters are G =

20 MHz, O = G/5 (solid curve) and the dashed curve is the approx-

imation eqn (32) which becomes exact in the limit O { G.

Fig. 8 The maximum of the probability of emission of one and two

photons in a square laser pulse field calculated using eqn (21) and (22)

and G = 20 MHz. For large Rabi frequency PMax
1 = 1, corresponding

to a p pulse. The open dots show the strong field approximation eqn

(29). The star gives the asymptotic weak Rabi frequency behavior eqn

(33). The dark dot is for the intermediate Rabi frequency O = 1/2 as

predicted, based on eqn (34). PMax
2 = 0.41 for strong fields, it peaks

when PMax
1 declines, in the intermediate field case, and then crosses

over to a semi classical behavior.
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less trivial bound on P2 is found

P2 �
e�

T
2

64
T ½ð8þ TÞcosðOTÞ þ 4T þ 16�; ð36Þ

For a 2p pulse OT = n2p, with n a positive integer, the

equality in eqn (36) holds. We find for O - N the maximum

of P2 is PMax
2 C 0.41 when P2 � e

�T
2 T
64
ð5T þ 24Þ. The global

maximum is PMax
2 C 0.56 which is found for O C 1.25,

T = 4.86.

In the opposite semi-classical limit we find

T ¼ 2ð
ffiffiffiffiffi
61
p

� 1Þ=5 ð37Þ

And the maximum of P2 is found for O2T = 2 and then

PMax
2 = 2e�2. In Fig. 8. we show the three behaviors of PMax

2 :

(i) saturation for strong fields PMax
2 C 0.41; (ii) peak for

intermediate fields; and (iii) semi-classical behavior for weak

fields.

Finally, short pulses can be used to generate pairs of

photons. In the limit T - 0 we find

lim
T!1;O!0

P2 ¼
1

2
ðO2TÞ2 e�O2T : ð38Þ

while such pairs are rare due to the T5 term, they are possibly

useful, since it is expected that inter-arrival times of pairs of

photons generated from a short pulse are closer, if compared

with inter-arrival times of a typical pair of photons from

a longer pulse. Note that P1 B O2T2/4 + O(O4) and

P0 B 1 � P1 in this limit.

The T5 behavior in eqn (38) can be explained, by noting that

the field dependence of P2 is expected, namely as mentioned

previously P0 p O0, P1 p O2 and P2 p O4. Physically, we

obviously expect that P2 p O4Tm and m is a positive integer.

Recall that for a short p pulse we have P1 = 1 in the limit

O-N and T- 0 the product OT= p remaining fixed. Then

for a p pulse we have P2 = 0 and we must have m 4 4

(otherwise the product O4Tm does not approach zero in the

limit) and indeed we find m = 5 in eqn (38).

We now consider P0. When O - N

P2 �
O4T5

480
; ð39Þ

If also T- 0 we have P0 B cos2(OT/2), thus using eqn (30) we

see that P1 + P0 = 1. Thus the two level system never emits

more than one photon, as expected from a short and strong

pulses. In the opposite limit of weak fields, namely the semi-

classical limit

P0 � e�
T
2 cos2

OT

2

� �
: ð40Þ

From eqn (33), (37) and (40) we see that in the semi-classical

limit

lim
O!0;T!1

P0 ¼ e�O
2T : ð41Þ

thus the photon statistics is Poissonian. In this Poissonian

sense the photon statistics is semi-classical.

3.2.2. Limiting behaviors of hNi and Q

The average hNi eqn (24) exhibits two behaviors: for short T,

hNi exhibits under-damped Rabi oscillations for O o 1/4,

while for long T, hNi increases linearly with interaction time

lim
O!0;T!1

PN ¼
ðO2TÞN

N!
e�O

2T ; ð42Þ

This is the well known standard steady state behavior obtained

from the optical Bloch equations interacting with a cw laser.

Note that in the semi-classical limit limT-N,O-0hNi = O2T

which is consistent with the Poissonian photon statistics found

in this limit eqn (41). For strong Rabi fields we have

hNi � O2

1þ 2O2
T : ð43Þ

When also T is short, namely the case of a strong and short

pulse we have

hNi � 1

2
½T þ 1� e�

3T
4 cosðOTÞ�: ð44Þ

This behavior is consistent with our previous findings, namely

that PN = 0 for N 4 1 in this limit, hence hNi= 0P0 + 1P1,

which together with eqn (30) yields eqn (44).

Mandel’s Q parameter eqn (8), characterizing deviation

from Poissonian photon statistics, is analysed using eqn (24)

and (25). In the limit of long interaction times

lim
O!1;T!0

hNi ¼ sin2
OT

2

� �
: ð45Þ

This result was obtained by Mandel35 for an atomic transition

interacting with a cw laser. As expected, if the interaction time

T is long, namely many photons are emitted, the familiar

resonance fluorescence sub-Poissonian behavior is found.

More interesting behavior is found for finite T. For strong

laser fields, O - N we find using eqn (24) and (25)

lim
T!1

Q ¼ � 6O2

ð1þ 2O2Þ2
: ð46Þ

When the square pulse is short and strong, however OT

remains finite, we find

Q � �e
3T
2 þ e

3T
4 ð2þ 3TÞcosðOTÞ � cos2ðOTÞ

2e
3T
4 ½e

3T
4 1þ Tð Þ � cosðOTÞ�

: ð47Þ

where n is a positive integer. We see that Q exhibits a

discontinuous behavior with resonances on OT = 2pn. Of

course, for finite though large (small) values of O (T), Q is a

continuous function. As shown in Fig. 9 Q exhibits: (i) very

sharp, cusp resonances on OT = 2pn which become narrower

as the mathematical limit of O - N and T - 0 is ap-

proached; and (ii) the value of Q on the peaks is roughly 6/7.

To understand the origin of the behavior predicted in eqn (47)

note that as mentioned, in this limit, according to eqn (30) and

(39) we either obtain zero photons or one photon hence

lim
O!1;T!0

Q ¼ �sin2 OT
2

� 	
OT 6¼ 2pn

6=7 OT ¼ 2pn;

�
ð48Þ
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provided that P1 a 0. Using eqn (30) we getQB�sin2 (OT/2)
in eqn (47). However this approach cannot be used when

OT = 2p + np since if we use eqn (30) and (39) we get Q B

0/0 which is not well defined. Instead one must consider the

limit with care and include the 1/O corrections, which yield

the Q B 6/7 law in eqn (47). More specifically, we insert T =

2p/O in (46) and expand in Q ¼ hN2i�hNi2
hNi � 1 ¼

02P0þ12P1�ð0P0þP1Þ2
P1

� 1 ¼ �P1; to obtain Q B 6/7. The beha-

vior ofQ for 10r Or 40 is shown in Fig. 10 where deviations

from the very strong Rabi limit of Fig. 9 is shown.

In the semi-classical limit it is easy to show that Q = 0 as

expected from a Poissonian process. In Fig. 11–13 we present

the exact result for the Q parameter. The figures illustrate the

deviations from Mandel’s simple result due to the finite

duration of pulse T.

4. Single photons via modulation of detuning

The results in eqn (20)–(24) describe photon statistics for a

molecule interacting for a finite time T with a cw laser. A

similar situation can occur when Stark fields are used to

control the absorption frequency of the molecule, i.e. when

the detuning d(t) is given by eqn (2), also see Fig. 1. Also for

this case the molecule is in resonance for a period T and within

this interval of time the cw laser field strength is characterized

by O. The conditions that the two approaches yield identical

photon statistics is that D c O,G so that the molecule can be

considered off resonance and T0 c 1/G.

Another condition, namely that no stray photon is emitted

in the time intervals T0 in Fig. 1, or equivalently no stray

photon is emitted when the molecule is off resonance (besides

possibly a single photon shortly after the molecule is turned

from in resonance to off resonance) is found from steady state

Fig. 9 Mandel’s Q parameter versus GT for O = 800 (dashed curve)

and O = 400 (solid curve). Also shown is eqn (46) which yields an

excellent approximation in this strong field limit. The dotted straight

line is Q = 6/7.

Fig. 10 Mandel’s Q parameter versus GT for O = 10 (solid), O = 20

(dashed) and O= 40 (dashed dot). For fields not as strong as in Fig. 9

we still observe Q oscillating between super Q 4 0 and sub Q o 0

behaviors. The 6/7 law is found as an interpolation of the maximum to

the axis GT = 0.

Fig. 11 Q as a function of O for T= 4. The dashed curve is Mandel’s

eqn (45) valid for T-N. We see that the finite interaction time with

the pulse leads to the observation of Rabi-oscillations not found for

the case considered by Mandel T - N.

Fig. 12 Q as a function of T for O = 1, when T-N we obtain

Mandel’s result eqn (45) (dotted curve).
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solution of Bloch equations

1
O

ð49Þ

and using D c O,G we find that T0 must satisfy

O2GT0

2ðO2 þ 2D2 þ G2=2Þ
� 1; ð50Þ

We see that T0 should not be too short (so that we may

identify photon emission events with a specific pulse) neither

too long (so that we do not get stray photons in between

pulses).

5. Rapid adiabatic control using an RF field

We now consider the rapid adiabatic following method8 for

which the detuning (i.e. the absorption frequency of the

molecule) is controlled using an RF field. In this case we

assume a sinusoidal time dependent detuning eqn (1) while the

molecule is also interacting with a cw laser field. The control

parameters of molecule–RF field interaction are DRF and nRF

while the molecule–laser field interaction is controlled through

the fixed Rabi frequency O. Also in this scheme the molecule

comes into resonance (when d(t) C 0) and out of resonance

with the exciting laser field. When a crossing of resonance

occurs, namely d(t) C 0, the molecule may emit photons. In

the experiments8 the passing time of resonance is such that

only a few photons are generated per crossing. As we briefly

mentioned several conditions must apply, namely (i) DRF c

O,T so that the molecule will come in and out of resonance

with the driving laser field, (ii) O 4 G so that when the

molecule comes into resonance it will be excited swiftly and

(iii) nRF o G so that photon emission events can be identified

with crossing of resonance. Investigation of single molecule

photon emission, far from the single photon limit, was con-

sidered in ref. 40, 41 and 42 in the context of coherent

suppression of fluorescence and RF photons.

The time dependence of PN(t) withN= 0, 1, 2, 3 is shown in

Fig. 14. During each crossing of resonance there is a finite

probability of emittingof a few photons, and PN(t) evolves in a

stepwise manner. Note that in this figure we show PN(t) which

is different than the probability of emission of N photons per

crossing. In what follows PN is the probability of emission of

N photons per crossing, and is independent of time t.

In Table 1 a comparison is made between numerical results

obtained using the generalized optical Bloch equations, eqn

(9), and experiments of the group of Orrit. A good agreement

is found, indicating that the simple two level system approx-

imation of the molecule, is an excellent approximation. This

conclusion is similar to the one obtained in ref. 8, who used

quantum Monte Carlo simulations to compare theory and

experiment. The question remains what is the ideal choice of

control parameters for the generation of a single photon. Note

that for very strong Rabi frequency and very large DRF we

may obtain effectively a p pulse, i.e. a single photon with

probability one. However we will constrain our investigation

to working with a Rabi frequency in a finite interval e.g.

O o 20G.

In Fig. 15 we show P1 as a function of DRF/G for fixed Rabi

frequency and RF frequency. We see that P1 has a maximum.

For too small DRF the time the molecule is in resonance is large

and then many photons are emitted, while for too large DRF

the molecule crosses resonance too fast and then the molecule

will not emit at all, indicating that there is an extremum of P1

as we indeed observe. From the experimental data in Table 1

we see that maximum of P1 for O = 3.2G is P1 = 0.68 found

for DRF = 88G. As Fig. 15 shows for O= 3.2G, nRF = 3MHz

the maximum of P1 is P1 C 0.69 and found on DRF C 100G.

We see that the experiments of the group of Orrit are

conducted very close to optimal condition for a particular

Rabi frequency, in the sense that P1 is close to its maximum.

Of course, by increasing the Rabi frequency we can increase

P1, as we shall soon demonstrate.

In Fig. 16 we show P1 as a function of O. A maximum of P1

is found since for too weak (strong) excitation of laser field we

expect to find zero (many) emitted photons per sweep. Note

that unlike the pulsed field we do not see here Rabi oscillations

when P1 should be plotted as a function of the Rabi frequency.

The vanishing of Rabi oscillations is probably due to the fact

that the detuning is a continuous function of time, unlike in

the square pulse situation, and hence the Rabi oscillations are

Fig. 13 Same as Fig. 12 for O= 5. Compared with Fig. 12 an under-

damped behavior is found when the Rabi frequency becomes large.

Fig. 14 The time dependence of probabilities of zero (solid) one

(dashed), two (dashed dot) and three (dots) photon emission using the

rapid adiabatic method. Parameters are G = 20 MHz, O = 5.523G,

DRF = 225G, and nRF = 3 MHz.
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averaged out. We note that the case of periodic control field is

much more challenging from mathematical point of view, i.e.

the analytical calculation of PN is not simple if compared with

the square pulses.

Fig. 17 shows similar behavior on a 3-D plot on a wider

scale. We also see that for a parameter range with Rabi

frequency of strength 0 o O o 20 (i.e. values typical to single

molecule experiments are usually O o 10G) P1 o 0.8. This

value is smaller than the values we found for the square pulse

in Fig. 8 for a similar range of Rabi frequencies 0 o O o 20.

Note that in Fig. 17 we limit our search to 0o DRF o 600G to

be reasonably close to experiments e.g. DRF o 160G. The

Rapid adiabatic method has one advantage over the square

pulse method, in that it wipes out the rapid Rabi oscillations of

P1. If P1 is strongly oscillating the photon emission process

may become unstable. It is possible to design smooth (not

square) laser pulses which will also wipe out these oscillations.

6. Discussion

As is well known, it is possible to generate from a two level

system, a single photon with probability one, using a p pulse.

Such a single photon is obtained in the mathematical limit of

strong and short pulses O - N and T - 0. Experiments are

conducted for finite interaction time and interaction strength,

and we obtained the maximum of P1 under the constraints of

finite Rabi frequency and finite interaction time.

A more interesting case is the emission of two photons. Here

for any pulse of finite length we cannot obtain the limit P2 =

1. Thus the probability of generation of pairs of photons is

bounded within the framework of the optical Bloch equations.

We found that the global maximum of P2 for the square pulse

is P2 C 0.56. This maximum is found for long interaction

times if compared with the lifetime of the excited state. It

would be interesting to investigate similar bounds for other

pulse shapes, for example two short square pulses, separated

by a time T0. We note that it is possible of course to generate

two photons with probability one, using two well separated

very short p pulses with T0 - N; such pairs of photons are

well separated on the time axis. The demand to maximize P2 is

of course in conflict with the demand to decrease T0 or T, and
some compromise is needed at least within schemes based on

two level emitters. Parametric down conversion14 can be used

to generate two photons, however this seems difficult on the

single molecule level. Investigation of inter-arrival times of a

pair of photons and their entanglement is left for future work.

The experiments of Brunel et al.,8 using the rapid adiabatic

following method, are conducted in the regime of intermediate

Rabi frequencies, and this is one of the reasons why the

photon statistics becomes less trivial for that case. Weak laser

fields are less likely to cause heating of the molecular system,

Table 1 Probabilities of emission of 0, 1 and 2 photons and the Q parameter with G = 20 MHz. The numbers in brackets are the measurement
results8

DRF nRF O P0 P1 P2 Q

50G 3 MHz 3.2G 0.01 (0.02) 0.53 (0.56) 0.32 (0.31) �0.58(�0.59)
88G 3 MHz 3.2G 0.09 (0.11) 0.68 (0.68) 0.20 (0.18) �0.65(�0.65)
130G 3 MHz 3.2G 0.24 (0.22) 0.66 (0.66) 0.10 (0.10) �0.60(�0.61)
160G 3 MHz 5.0G 0.04 0.72 (0.74) 0.21 �0.72
50G 3 MHz 2.2G 0.13 0.63 0.20 �0.58
200G 5 MHz 7.5G 0.03 0.78 0.17 �0.78
200G 6 MHz 7.5G 0.06 0.80 0.13 �0.79
200G 7 MHz 7.5G 0.09 0.80 0.11 �0.77
200G 8 MHz 7.5G 0.13 0.78 0.09 �0.75

Fig. 15 The probability of emission of one photon using the rapid

adiabatic following method. The parameters are G = 20 MHz, O =

3.2G (solid curve), O = 5.5G (dashed curve), O = 8.5G (dashed-dot

curve), O = 10.5G (dot curve), and nRF = 3 MHz.

Fig. 16 The probability of emission of one photon in an RF field.

Parameters are G = 20 MHz, nRF = 1.5 MHz (solid curve), 3 MHz

(dashed curve), 6 MHz (dashed-dot curve), 12 MHz (dot curve), and

DRF = 88G. Unlike Fig. 5 we do not observe Rabi oscillations, since

these are averaged out by the time dependent detuning.
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and have certain advantages over strong fields, even though

applications which demand a single photon with probability

one might very well rely on strong and short laser pulses. For

the square pulse with finite O and T we find, as expected,

P1 o 1 and a transition between strong field limit where Rabi

oscillations dominate the photon statistics, to a semi-classical

limit. In contrast, for the rapid adiabatic following method, we

do not observe Rabi oscillation in P1 at-least for a range of

control parameters close to those in the experiments. For

comparison between the methods see the end of section 5.

In single molecule experiments of Lounis and Moerner9 a

single photon source operating at room temperature was

demonstrated using short laser pulses. The beauty of these

experiments is that there is no need to use a p pulse, to obtain a

single photon with high probability. There the molecule is

excited to high level vibronic states, the molecule then relaxes

quickly before an emission event takes place. In ref. 9 an

optimal emission of P1 = 0.86 was obtained. Theory of

control of few photon emission from a multi-level molecule,

instead of a two-level system considered here, is left for future

work. Also it is important to investigate effects of interaction

with the thermal bath, to check the stability of single photon

sources.

7. Appendix A

According to eqn (17) the probabilities P0, P1, P2 are found by

the small s Taylor expansion

1

G
� T0 �

4D2

GO2
: ð51Þ

and

Yðs;TÞ ¼Yð0;TÞ þ @

@s
Yðs;TÞjs¼0s

þ 1

2

@2

@s2
Yðs;TÞjs¼0s2 þ 0ðs3Þ

ð52Þ

More generally to find PN we need a similar Nth order

expansion. Expressions for the Laplace transform of W(s,t)

and Y(s,t), in the interval 0 o t o T, were found in eqn (13).

Hence using eqn (13) we have the small s expansion in Laplace

domain:

Wðs;TÞ ¼Wð0;TÞ þ @

@s
Wðs;TÞjs¼0s

þ 1

2

@2

@s2
Wðs;TÞjs¼0s2 þ 0ðs3Þ:

ð53Þ

Similar expansion for W
_

ðs; zÞ ¼ � 1þz
2ðO2þzþz2Þ�

O2ð1þzÞ
2ð1þ2zÞ ðO2þzþz2Þ2

sþOðs2Þ(s,z) are obtained from eqn (13). Also

the s2 terms must be found for the calculation of P2, however

for the sake of space we do not write these expressions. To find

W(0,T), @
@sWðs;TÞjs¼0 etc. we invert eqn (53) term after term,

using the inverse Laplace transform, z - T. For example

Wð0;TÞ ¼L�1z!T �
1þ z

2ðO2 þ zþ z2Þ

� �
ð54Þ

whereL�1z-T is the inverse Laplace operator. All these calcula-

tions are performed using Mathematica. We find

Wð0;TÞ ¼ � e�T=2

2

sinh yT
2

� 	

y
þ cosh

yT

2

� �" #
; ð55Þ

yð0;TÞ ¼ e�T=2

2y2
Y sinh

yT

2

� �
þ cosh

yT

2

� �
þ y2 � 1

� �
;

ð56Þ

@Wðs;TÞ
@s

js¼0 ¼ �
ð1� y2Þe

�T
2

8y4

ð�4þ Ty2Þcosh Ty

2

� �
þ yðT � 2Þsinh Ty

2

� �
þ 4

� �
;

ð57Þ

@yðs;TÞ
@s

js¼0 ¼
ð1� y2Þe

�T
2

8y5

� ½�6þ ð4þ TÞy2�sinh yT

2

� ��

þð�4þ TÞy cosh yT

2

� �
� 2y �2� T þ Ty2

� 	�
:

ð58Þ

As mentioned to calculate P2 we need the second derivative of

W(s,T) and Y(s,T). In Laplace space we have

@2

@s2
W
_

ðs; zÞjs¼0 ¼
4ð�1þ y2Þ2ð1þ zÞ

ð1þ 2zÞ2 ½y2 � ð1þ 2zÞ2�3
ð59Þ

and

@2

@s2
Y
_

ðs; zÞjs¼0 ¼
2 ð�1þ y2Þ2ð�3þ y2 � 6z� 4z2Þ
ð1þ 2zÞ3 ½y2 � ð1þ 2zÞ2�3 :

ð60Þ

Fig. 17 The probability of emission of one photon in an RF field.

Parameters are G = 20 MHz, and nRF = 3 MHz.
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Transforming eqn (59) and (60) to time T domain we have

@2

@s2
Wðs;TÞjs¼0 ¼

ð�1þ y2Þ2

32y7

� e�
T
2 ½�60þ ð10� TÞTy2�sinh Ty

2

� ��

þ½2ð�16þ 7TÞy� T2y3�cosh Ty

2

� �
þ 16ð2þ TÞy

�
;

ð61Þ

and

@2

@s2
Yðs;TÞjs¼0 ¼

ð�1þ y2Þ2

32y8
e�

T
2

�
�
4½T2y4 � ðT2 þ 4T � 16Þy2 � 24�

þ ½ðT2 � 14T � 64Þy2 þ 96�cosh Ty

2

� �

þ½TðT þ 8Þy3 þ ð60� 18TÞy�sinh Ty

2

� ��
:

ð62Þ

The average number of emitted photons is calculated using

eqn (18). In Laplace T - z space we find using eqn (13)

hN̂ðzÞi ¼ O2ð1þ zÞ
z2ð1þ 2O2 þ 3zþ 2z2Þ

: ð63Þ

The inverse Laplace transform of this equation yields eqn (24).

The fluctuations of the number of emitted photons is

calculated using eqn (19). In Laplace T - z space we find

using eqn (13)

hNðN � 1ÞdðzÞi ¼ 2O4ð1þ zÞ
z3 ð1þ 2O2 þ 3zþ 2z2Þ2

: ð64Þ

The inverse Laplace transform of this equation yields eqn (25).
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