
Homework assignment, you may submit this exercise in pairs or
triplets, on the condition that the assignment is a joint effort.

1. The characteristic function of the random variable x is 〈exp(ikx)〉 also
known as the Fourier transform of the probability density function (PDF)
of x. Show that if the characteristic function is of the type exp(−|k|µ) then
µ > 2 is NOT a possibility. What is the underlying PDF when µ = 1?
What is the variance of x for 0 < µ ≤ 2.

2. Let 0 < x < 1 be a random variable uniformly distributed in the interval
(0, 1). Let t = (1 − x)−1/α. Find the PDF of t. This transformation can
be used with a simple computer program to generate a random variable t
drawn from a fat tailed PDF.

3. With a computer program, plot the devils staircase with the following
method. Let length of the steps (horizontal size of step, or the tread) be
independent random variables drawn from a fat tailed PDF with α = 1/2,
and similarly for the vertical height of the steps (also called the riser).
Plot staircases for different number of steps N . Repeat the same exercise,
but now the treads and risers are drawn from a uniform PDF in (0, 1).
Discuss briefly your observations.

4. Generate random variables, which we call x, using a computer program,
when the PDF of x is symmetric, and fat tailed PDF(x) ∝ |x|−2 for
large |x|. Here the PDF is symmetric so positive and negative values of
x are equally probable. Show (numerically) that the Gaussian central
limit theorem fails, and explain why is this the case. What is the limiting
distribution of

∑N
i=1 xi/N when N is large? this is determined up to a

scale. Show with your simulations that your prediction is valid, i.e. plot
the histogram of the mentioned sum and compare it to your theory.

5. A two level atom interacting with a continuous wave laser field, in reso-
nance with the electronic transition, has two states: |g > (ground state)
and |e > (exited state). The Hamiltonian is

H0 =
Ω

2
(|g >< e|+ |e >< g|)

where Ω is the Rabi frequency (related to the intensity of the laser). This
Hamiltonian describes transitions between the excited and ground state
(and vice versa) induced by the laser field, and is a simple 2 × 2 matrix.
Since the system is emitting photons, we add to H0 a non-Hermitian term

H = H0 − i
Γ

2
|e >< e|.

This describes decay from the excited state, with a rate Γ (here h̄ =
1). For this case the wave function still obeys the Schroedinger equation
i|φ̇ >= H|φ >, however since H is non hermitian the state function is not
normalised. Starting from the ground state find

P0(t) =< φ(t)|φ(t) > .
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This is the probability of NOT emitting a photon until time t. Find the
PDF of waiting times between emission events, ψ(t), which is minus the
time derivative of P0(t) (explain why). You may solve this problem either
analytically, or numerically. Plot the PDF ψ(t) for a few cases where
Ω > Γ and vice versa. Check that the plots are normalised. Explain
the physical meaning of the figures you plot. You should observe the
effect of anti-bunching and Rabi oscillations. Explain why the process of
photon emission is a renewal process, where times between emissions are
independent random variable.

6. Consider a continuous time random walk on a one dimensional lattice,
with jumps to nearest neighbours being equally probable. The waiting
times between jump events are power law distributed: ψ(τ) ∼ Aτ−3/2 for
large τ . Find the mean square displacement both analytically and with a
simple simulation. Plot a few trajectories and explain the observation.

7. Read one of the following three articles. Summarise briefly main ideas
that you find interesting (no more than two page!). You should try and
focus on one aspect of the problem (there is no need to summarise all the
ideas, only what you find worthy). Further, you may also choose to read
a manuscript, from the lists of references in these papers.
a) F. D. Stefani, J. P. Hoogenboom, and E. Barkai Beyond Quantum
Jumps: Blinking Nano-scale Light Emitters Physics Today 62 nu. 2, p.
34 (February 2009).
b) E. Barkai, Y. Garini and R. Metzler Strange Kinetics of Single Molecules
in the Cell Physics Today 65(8), 29 (2012).
c) H. Friedman, D. Kessler, and E. Barkai Quantum walks: the first de-
tected passage time problem Phys. Rev. E. 95, 032141 (2017). Highlight
of journal, chosen as the Editor’s suggestion.
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