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Abstract. The big jump principle explains the emergence of extreme events for physical quantities modelled
by a sum of independent and identically distributed random variables which are heavy-tailed. Extreme
events are large values of the sum and they are solely dominated by the largest summand called the
big jump. Recently, the principle was introduced into physical sciences where systems usually exhibit
correlations. Here, we study the principle for a random walk with correlated increments. Examples of the
increments are the autoregressive model of first order and the discretised Ornstein–Uhlenbeck process both
with heavy-tailed noise. The correlation leads to the dependence of large values of the sum not only on
the big jump but also on the following increments. We describe this behaviour by two big jump principles,
namely unconditioned and conditioned on the step number when the big jump occurs. The unconditional
big jump principle is described by a correlation-dependent shift between the sum and maximum distribution
tails. For the conditional big jump principle, the shift depends also on the step number of the big jump.

1 Introduction

The big jump principle (BJP) is a concept of extreme
value statistics. Since its first formulation in 1964 [1],
studies are ongoing in fields such as large deviation the-
ory [2–4] and financial mathematics [5–7]. The origi-
nal principle [1] relates the sum xN =

∑N
i=1 δi and

the maximum δmax = max(δ1, . . . , δN ) of N indepen-
dent and identically distributed (IID) random variables
(δ1, δ2, . . . , δN ) following a subexponential (e.g. heavy-
tail) distribution. The principle states that the tail dis-
tributions are asymptotically equal

Prob(xN > z) ∼ Prob(δmax > z), (1)

for large z and any finite N . This formula means
that the ratio of both sides converges Prob(xN >
z)/Prob(δmax > z) → 1 for z → ∞, i.e. the right tails
of the distributions match. Large values of the sum xN

are solely described by large values of maximum δmax.
The latter is called the big jump. All remaining sum-
mands are negligible because the big jump dominates
the statistics of the sum.

In the language of physics, the BJP connects large
excursion of a random walk model xN with the maxi-
mum increment δmax. The principle explains the emer-
gence of macroscopical extreme events by the emer-
gence of a single microscopical extreme event. Roughly
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speaking, this scenario is very different from what we
find for processes modelled with narrow distributions,
where the extreme of the sum is controlled by the accu-
mulation of many small jumps all adding up to the
extreme event (a case which is typically exponentially
unlikely). The main challenge is the incorporation of
correlations into the theory. Recently, the BJP draw
attention in statistical physics [8–12]. These works stud-
ied, amongst other things, Lévy walks, renewal pro-
cesses, continuous time random walks and the Lévy
Lorentz gas. Other than the BJP, the statistics of
extreme events are studied for many different correlated
physical systems [13–19].

This article is a new addition for the investigation
of the BJP in physical systems where correlations are
present. We demonstrate an exactly solvable model
showing the detailed influence of the correlations on
the big jump principle. We study a random walk model
x̃N =

∑N
i=1 δ̃i with correlated increments δ̃i. The cor-

related process is constructed via increments given by
the weighted sum δ̃i =

∑i
j=1 Mi−jδj with some posi-

tive memory kernel Mi−j . Here, as before the δjs are
IID subexponential random variables following the BJP
Eq. (1). This model appears in many different contexts.
An import example are waiting times (or steps) appear-
ing in the correlated continuous time random walk [20–
25] with application in animal telemetry data [26], bio-
logical movements [27], external force fields [28] and
porous media diffusion [29]. This problem can also be
seen as the discrete Ornstein–Uhlenbeck process with
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heavy-tailed noise [30,31] and the autoregressive model
of first order with the corresponding heavy-tailed noise
[32–35] which is a specific example of fractional Lévy
stable motion [36–39].

We will find two ways to extend the BJP, i.e. we
give the relationship between statistics of large values
of the sum x̃N and of large values of the maximum
increment δ̃max = max(δ̃1, . . . , δ̃N ). Let b be the step
number when we locate the maximum of δ̃max = δ̃b. In
the first method, we condition on b. The second method
is unconditioned on the step number of the maximum
occurrence. In contrast to the IID case, the step number
b is relevant. Large values of the sum x̃N are described
not only by the big jump but also by the subsequent
increments following the big jump (see conditions on
the memory kernel below). Of course, this is due to
the effects of correlations with positive Mi−j . For both
cases, we find a renormalisation of the big jump, taking
the sequence of all subsequent increments after the big
jump into account.

The article is constructed as follows: Sect. 2 intro-
duces the model. Section 3 presents the main results.
Section 4 discusses an example with N = 2 incre-
ments. Section 5 derives the unconditional BJP. Sec-
tion 6 derives the conditional BJP. Section 7 gives a
summary.

2 Random walk with correlated increments

2.1 Basics

We consider the IID random variables (δ1, . . . , δN ) with
a probability density function (PDF) following a power
law

fδi
(z) ∼ Az−1−α (2)

for large z. The notation fδi
(z) indicates that the ran-

dom variable is written as the subscript and z is its
value. The exponent is 0 < α < 2 with α �= 1
and A is some prefactor. Then, the IID BJP reads
fxN

(z) ∼ fδmax(z) ∼ NAz−1−α. This relation is valid
for any N . A similar notation is xN

d∼ δmax which means
that both random variables are similarly distributed for
large values. In addition, in the large N limit the IID
BJP connects the Lévy generalised central limit theo-
rem (dealing with the sum of random variables) with
the tail of the Fréchet distribution (dealing with the
maximum).

In this article, we consider as examples one-sided
and two-sided PDFs. As an example for a one-sided
PDF, we investigate the Pareto PDF fδi

(z) = αz−1−α

with z ≥ 1 and otherwise this function is equal
zero. The mean is 〈δi〉 =

∫ ∞
1

zfδi
(z)dz = α/(α −

1) for α ∈ (1, 2) while no mean exists for α ∈
(0, 1). As a two-sided PDF, we consider the sym-
metric α-stable PDF fδi

(z) = Lα,κ=0,c=1,μ=0(z) with
the skewness parameter κ = 0, the scale parame-

ter c = 1 and the location parameter μ = 0. In
general, the Lévy stable PDF Lα,κ,c,μ(z) is defined
via the characteristic function ϕ(k) = 〈exp(ikz)〉 =
exp [ikμ − c|k|α (1 − iκsign(k)tan (πα/2))] which is for
the symmetric PDF given by ϕδi

(k) = exp(−|k|α).
The large z behaviour is fδi

(z) ∼ A|z|−1−α with A =
sin(πα/2)Γ (α + 1)/π.

In “Appendix A”, we present a way to find correc-
tions of the IID BJP for the Pareto random variables
with α > 1, i.e. the mean 〈δi〉 exists and is positive.
The basic idea is to replace the remaining variables
(not being the maximum) by their mean 〈δi〉, i.e. we
neglect the fluctuations of the remaining random vari-
ables. Then, we get the correction to the IID BJP as
xN

d∼ δmax+(N −1)〈δi〉. In Fig. 13, we see that this cor-
rection describes the sum distribution pretty well also
left from the right tail. We present in “Appendix A” a
discussion and figures about these corrections.

2.2 Model

The crucial assumption of the BJP in Eq. (1) is the IID
behaviour of the increments. We will drop this assump-
tion now. We consider the random walk model

x̃N =
N∑

i=1

δ̃i, (3)

with correlated increments. We construct the incre-
ments by a sum of IID heavy-tailed random variables
weighted with a memory kernel

δ̃i =
i∑

j=1

Mi−jδj , (4)

where the kernel is positive Mi−j > 0. The kernel is
decreasing Mi−j2 < Mi−j1 for increasing steps j2 > j1
and we define M0 = 1. Here, as before, the IID random
variables δi are given by Lévy or Pareto PDFs though
the theory is actually more general.

This type of a correlated process was studied, inter
alia, in [21] for the continuous time random walk
model with correlated waiting times. An illustrative and
important example is given by the memory kernel

Mi−j = mi−j , (5)

where the parameter 0 < m < 1 controls the cor-
relations. We call this the exponential kernel because
mi−j = exp[(i − j)log(m)] with the correlation length
−1/log(m). The increments follow the recursive equa-
tion

δ̃i = mδ̃i−1 + δi. (6)

This formula can be found in different fields. For exam-
ple, it is the discretised version of the heavy-tailed
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Ornstein–Uhlenbeck process (when δi follows the sym-
metric α-stable PDF). In the field of time series analy-
sis, this formula is also known as autoregressive model
of first order with heavy-tailed noise [33–35]. Another
example for the memory kernel in Eq. (4) is the power
law kernel

Mi−j = (i − j + 1)−β , (7)

with 0 < β < 1. We call this the algebraic kernel. This
kernel is non-integrable in contrast to Eq. (5).

We rearrange the summands of the random walker
x̃N =

∑N
i=1

(∑i
j=1 Mi−jδj

)
with respect to the IID

random variables δi and obtain

x̃N =
N∑

k=1

WN−kδk, (8)

with the weight

WN−k =
N−k∑

l=0

Ml. (9)

We changed the indices to indicate this rearrangement.
For the exponential memory kernel Ml = ml the weight
is

WN−k =
1 − mN−k+1

1 − m
∼ 1

1 − m
, (10)

where we used 0 < m < 1 in the large N limit with fixed
k. On the other hand, the large N limit with fixed k of
the weight for the algebraic kernel Ml = (l + 1)−β is

WN−k ∼ N1−β

1 − β
. (11)

Since 0 < β < 1, the weight WN−k is increasing with
N indicating a stronger correlation compared to the
exponential memory case.

2.3 Limiting PDF of x̃N for large N

Before we continue with the derivation of the BJP, we
present the limiting distribution of x̃N for large N to get
a first feeling for the basic properties of the studied pro-
cess. For the sum of uncorrelated increments, the lim-
iting distribution is stable as described by Lévy’s gen-
eralised central limit theorem. The question we address
is how this changes in the presence of correlations. For
study of correlated sums, we also refer to [40–42].

We begin with the two-sided symmetric PDF fδi
(z) =

Lα,0,1,0(z). Since x̃N is a linear combination of Lévy dis-
tributed random variables, the sum is also described by
this law with a new scale parameter

fx̃N
(z) = Lα,0,c,0(z) (12)

which is valid for any N . See the definition of Lα,κ,c,μ(z)
above. Here, c = γ̃N is given by the scale factor

γ̃N =
N∑

k=1

(WN−k)α. (13)

In the case of no correlation, i.e. M0 = 1 and Ml = 0 for
l ≥ 1, this factor is γ̃N = N . An important observation
is the large N behaviour of γ̃N for the two different
memory kernels which we derive in “Appendix C”. For
the exponential memory kernel it scales linearly

γ̃N ∼ 1
(1 − m)α

N. (14)

We see that this is the scaling of the IID case, besides a
renormalised prefactor. For the algebraic memory ker-
nel the scaling factor behaves as

γ̃N ∼ 1
(1 − β)α

N1+α(1−β)

1 + α(1 − β)
(15)

with the exponent 1 < 1 + α(1 − β) < 3.
On the other hand, the sum x̃N for the Pareto PDF

fδi
(z) = αz−1−α, z ≥ 1, is described by a Lévy stable

law only in the large N limit, similar to the IID case.
We show in “Appendix B” that the PDF behaves as

fx̃N
(z) ∼ Lα,κ,c,μ(z), (16)

for large N . The skewness parameter is κ = 1. The
scale parameter is c = −αΓ (−α)cos (πα/2) γ̃N where
the scaling factor γ̃N is defined as in Eq. (13). The
location parameter is μ = 0 for α ∈ (0, 1) and μ =
〈x̃N 〉 = 〈δi〉λ̃N for α ∈ (1, 2) with the location factor

λ̃N =
N∑

k=1

WN−k. (17)

Note that λ̃N = γ̃N for α = 1. Analogue to the pro-
cedure in “Appendix B” we can derive the large N
behaviour of the location factor. For the exponential
memory kernel, it behaves as

λ̃N ∼ 1
1 − m

N. (18)

For the algebraic memory kernel, the location parame-
ter behaves as

λ̃N ∼ 1
(1 − β)(2 − β)

N2−β , (19)

with the exponent 1 < 2 − β < 2. In case of no correla-
tion, the location factor is for any N given by λ̃N = N .

We conclude this subsection with two observations.
First, the large z behaviour of right hand sides of

123



  216 Page 4 of 17 Eur. Phys. J. B          (2021) 94:216 

100 102

10-5

100

(a)
100 102

10-5

100

(b)

Fig. 1 a The unconditional BJP for N = 2 with the memory kernel M1 = 0.8. The figure shows the histograms of the
rescaled maximum (γ̃N/N)1/αδ̃max (blue circles) and the sum x̃N (red squares). These unconditional distributions match
as predicted in Eq. (21). We used δi following the Pareto PDF with α = 1.5 and 107 realisations. b The conditional BJP

with the same parameters as in figure a. The figure shows the rescaled conditional maximum WN−bδ̃max (blue circles) and
the conditional sum x̃N (red squares) both conditioned on the maximum step number b = 1 (the two upper curves) and
b = 2 (the two lower curves). The conditional distributions match as predicted in Eq. (22)

Eqs. (12) and (16) is fx̃N
(z) ∼ γ̃NAz−1−α. Note

that here the symbol ∼ means also large N for the
Pareto case, see Eq. (16) (we show later that this
large z behaviour is also valid for finite N). Second,
for large N , the PDF of the rescaled correlated sum
(γ̃N )−1/α(x̃N −μ) converges to the N -independent Lévy
PDF Lα,κ,c/γ̃N ,0(z) where κ and c are stated as above
and the large z behaviour is Az−1−α. In Fig. 16 in
“Appendix B”, we show this limiting behaviour. This
result can be seen as a modification of the gener-
alised central limit with a renormalisation of the scal-
ing sequences Eqs. (18) and (19). In the following, we
leave the N → ∞ case and derive the BJPs for any
finite N where the only effect is renormalisation of the
parameters. Importantly, in this section, we learned
how the memory kernel leads to a renormalisation
effect described by γ̃N and λ̃N . We will find a similar
behaviour again when treating the BJPs.

3 Main results

We present the two main results of this article. As men-
tioned, we want to study the relationship between the
distribution of the sum x̃N and of the maximum corre-
lated increment

δ̃max = max(δ̃1, δ̃2, . . . , δ̃N ), (20)

i.e. what is the BJP for the correlated random walk x̃N?
Instead of a unique BJP as in the IID case Eq. (1), the
random walk model with correlated increments exhibits
two BJPs. We call them the unconditional and the con-
ditional BJP. Let the maximum δ̃max happen at the step
number b = 1, . . . , N , i.e. δ̃max = δ̃b. The unconditional

BJP is

Prob(x̃N > z) ∼ γ̃N

N
Prob

(
δ̃max > z

)
(21)

for large z and any N . This relationship is independent
of b. The conditional BJP is

Prob(x̃N > z|b) ∼ (WN−b)αProb
(
δ̃max > z|b

)
(22)

conditioned on the occurrence of the big jump δ̃max at
b for large z and any N . We show in Fig. 1 these two
BJPs for the model with N = 2 and observe perfect
matching as predicted by the theory. Before we derive
these results in generality (i.e. for general N), we dis-
cuss this case N = 2 next to understand the nature of
both BJPs.

4 Example with N = 2

In this section, we present the key points for N = 2.
All statements in this section will be derived later in
generality for any N . Therefore, we consider the two
increments

δ̃1 = δ1,

δ̃2 = M1δ1 + δ2 (23)

and the random walk is found on

x̃2 = δ̃1 + δ̃2 = δ1 + M1δ1 + δ2 (24)

after two steps. Recall that M1 < 1 and this is valid
for both the exponential and algebraic memory case.
The IID random variables δ1 and δ2 are heavy-tail
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Fig. 2 a Scatter plot between δmax and δ̃max (purple circles) where N = 2. The δi follow the uniform PDF on the interval
[0, 1]. The memory kernel is M0 = 1 and M1 = 0.5. The number of realisations is 103. A line with slope one is shown (black

line). There is no linear relationship between δmax and δ̃max when both are large since the parent distribution is narrow. b
The same parameters as the left scatter plot but now the IID random variables δi follow the Pareto PDF with α = 3/2.

There is a linear relationship between δmax and δ̃max when both are large as predicted in Eq. (25) (black line). While the
naked eye sees in this example a linear relationship for large values (on the right), we also obtained the correlation coefficient
rc using the top 1% of the data set (see main text). It is 0.119 for the sample in the left and 0.999 for the right scatter

plot. c Histograms of δmax (green crosses) and δ̃max (blue circles) for the left scatter plot with the uniform IID random
variables but now with 106 realisations. There is no matching of the distributions. d Histograms of δmax (green crosses) and

δ̃max (blue circles) for the right scatter plot with the Pareto IID random variables but now with 106 realisations. There is
a matching of the right tails

distributed. We have to discuss two questions: What
is the influence of the maximum of the IID random
variables δmax = max(δ1, δ2), first, on the big jump
δ̃max = max(δ̃1, δ̃2), and second, on the correlated ran-
dom walker x̃2? The answers to both questions will
enable us to understand the relationship between δ̃max

and x̃2.
The BJP for the IID heavy-tailed random variables δ1

and δ2 of Eq. (1) is δ1 + δ2
d∼ δmax. We always compare

the right tails of the distributions. This identity holds in
the limit when the random variable δmax is very large.
Importantly, it is irrelevant for this IID BJP which of
the two random variables δ1 and δ2 is the maximum.

Assuming the maximum of the IID random variables
is the first one δmax = δ1. The increments are δ̃1 = δmax

and δ̃2 = M1δmax + δ2. Further assuming that δmax is
very large reduces the second increment to only one
term δ̃2 ≈ M1δmax. This term is smaller than δmax since
M1 < 1 so that the big jump is δ̃max = δ̃1 = δmax.
On the other hand, assuming the maximum of the IID
random variables is the second one δmax = δ2. Then, the
increments are δ̃1 = δ1 and δ̃2 = M1δ1 + δmax. Here, it

is δ̃2 > δ̃1 so that δ̃max = δ̃2. Further assuming that
δmax is very large allows to neglect the term M1δ1 in δ̃2
so that δ̃max ≈ δmax. Both cases are summarised with
the observation that the big jump is approximately the
same as the maximum of the IID random variables

δ̃max � δmax (25)

when both are large enough, see the scatter plot in
Fig. 2. We present two examples, one where Eq. (25)
does not hold, that is the uniform PDF for δi, and one
example where the equation holds, that is the Pareto
PDF for δi. In “Appendix D.1”, we show Eq. (25) by
calculating the exact expression of the PDF of δ̃max and
then approximate for large values.

A relationship as Eq. (25) yields a straight line in
the scatter plot for large values which is a first visible
indicator of the existence of such big jump principle
relationships. To verify this behaviour we suggest using
the Pearson correlation coefficient between the samples
of δ̃max and δmax, namely rc = 〈(δ̃max − 〈δ̃max〉)(δmax −
〈δmax〉)〉/[

√
〈δ̃2max〉 − 〈δ̃max〉2

√〈δ2max〉 − 〈δmax〉2] where
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Fig. 3 Scatter plot between δ̃max and x̃N (purple circles)
where N = 2. The δi follow the Pareto PDF with α = 3/2.
The memory kernel is exponential with m = 0.9. The num-
ber of realisations is 104. The two lines have the slope
W0 = 1 and W1 = 1 + m (black lines). The two linear rela-

tionships between δ̃max and x̃N when both are large are pre-
dicted in Eq. (27) and indicate at which step δ̃max occurred.
The lower line with slope W0 are processes where the big
jump happened at b = 2 while the line with slope W1 means
b = 1

the averaging 〈. . .〉 is performed over the sample. We
suggest the test a particular number of large values, e.g.
one percent of the largest δmax. Then, for the uniform
δi in Fig. 2, we find rc ≈ 0.119 and for the Pareto δi,
we find rc ≈ 0.999. A value near one rc ≈ 1 indicates
that there is indeed a strong linear relationship between
large values of δ̃max and δmax.

We also show the PDFs of δmax and δ̃max in Fig. 2.
For the uniform random variables, there is no matching
of the PDFs in the rights tails. In particular, we have
fδmax(z) = 2z for 0 < z < 1, and on the other hand,
fδ̃max

(z) = (2−M1)z for 0 < z < 1 and (1+M1−z)/M1

for 1 < z < 1+M1 which is derived in “Appendix D.2”.
Both PDFs are clearly different. In case of the Pareto
PDF, we observe that the right tails of the maximum
distributions match. Below, we will focus on the match-
ing of the PDF tails as observables of choice.

As we just saw, for large values of δ̃max, it is irrelevant
if the largest jump is made in step one or two. However,
for large values of x̃2 = δ̃1 + δ̃2, it is relevant. Assuming
the maximum of the IID random variables is the first
one δmax = δ1 and also very large. Then, the random
walk is approximately x̃2 ≈ (1 + M1)δmax where we
used δ̃1 = δmax and δ̃2 ≈ M1δmax for large δmax as just
explained. The crucial point is that not only the big
jump δ̃max = δmax but also the subsequent increment
δ̃2 ≈ M1δmax contributes to large values of x̃2. On the
other hand, assuming the maximum of the IID random
variables is the second one δmax = δ2 and also very
large. Then, the random walk is approximately x̃2 ≈
δmax where we used that δ̃1 can be neglected and δ̃2 ≈
δmax for large δmax as just explained. Both cases are
summarised with the observation that the position of
the random walker is approximately

x̃2 ≈ W2−bδmax, (26)

with the weights W0 = 1 and W1 = 1 + M1. Here, the
value b = 1, 2 is the step number of maximum of the
IID random variables, i.e. for b = 1, we have δmax = δ1
and for b = 2 we have δmax = δ2. Due to Eq. (25), the
relationship Eq. (26) can also be stated as

x̃2 ≈ W2−bδ̃max, (27)

which finally gives the relationship between x̃2 and
δ̃max when both are large, see Fig. 3. The scatter plot
between x̃2 and δ̃max reveals the relevance of the step
number b. The two possibilities of δ̃max being the first
or the second increment can be seen by the two lines
in the scatter plot where each line has the slope W2−b

as predicted by Eq. (27) with b = 1 or 2. Furthermore,
Eq. (27) is the variable transform of the conditional
BJP of Eq. (22). In Fig. 1, we presented the condi-
tional distributions. Until now, we always conditioned
on the step number b of the maximum δmax (below we
also condition on the step number b of δ̃max). To get the
unconditional BJP Eq. (21) from the conditional BJP,
we need to average the conditional distributions of x̃N

and δ̃max over all b weighted with the probability of b.
We will discuss this below.

For the exponential memory kernel, it is straightfor-
ward to increase N and get again similar statements.
We just learned that for the first two increments δ̃1 and
δ̃2 we find the relationships Eqs. (25) and (27). Now, we
consider N = 3. The third increment is δ̃3 = M1δ̃2 + δ3
which has the same structure as the second increment
δ̃2 = M1δ̃1 + δ2, i.e. it depends on the previous incre-
ment multiplied with m plus a IID random variable.
Therefore, above results Eqs. (25) and (27) are valid
also for N = 3. Generally for any finite N , we have the
same structure δ̃i = M1δ̃i−1 + δi so that we can claim
generality of above results. For the algebraic memory
kernel, it is δ̃i �= M1δ̃i−1 + δi. Nevertheless, we will
derive the results of this section for both memory ker-
nels and all N . In particular, that the large values of x̃2

(and also x̃N ) depend on the step number b of the big
jump makes it necessary to describe two BJPs, namely
unconditioned and conditioned on b.

5 Unconditional big jump principle

We derive the unconditional BJP which is the relation-
ship of the tail distributions between large values of the
maximum δ̃max and the sum x̃N . In the next section,
we will consider the conditional distributions of these
variables conditioned on the step number of δ̃max.

5.1 Tail of the maximum distribution for δ̃max

The unconditional cumulative distribution function
(CDF) of the maximum is per definition
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Fig. 4 Histograms for δmax (green crosses) and δ̃max (blue
circles) compared with the theory of Eq. (32) (black line)
where N = 100. The δi follow the Pareto PDF with α = 3/2.
The memory kernel is algebraic with the parameter β = 1/2.
The number of realisations is 105. For large z, the two curves
merge, an indication for the “big jump principle” between
δmax and δ̃max at work

Fδ̃max
(z;N) = Prob(δ̃max ≤ z)

= Prob(δ̃1 ≤ z, . . . , δ̃N ≤ z), (28)

i.e. every increment δ̃i is less or equal than the value
z. In particular, here, it is irrelevant which increment
is the maximum. Here and only in this subsection, we
add N in the argument of Fδ̃max

(z;N) to highlight the
N -dependence. We always assume N to be finite.

We show in “Appendix D” for the case with a power
law PDF fδi

(z) ∼ Az−1−α that the large z behaviour
of Fδ̃max

(z;N) is given by the product

Fδ̃max
(z;N) ∼ Fδ̃max

(z;N − 1)Fδi
(z). (29)

For N = 2, we have clearly a multiplication of two
CDFs just like the IID case. This was precisely the point
in previous Sect. 4. Generally, the formula Eq. (29),
which is valid only for large z, is similar the IID case
where the well-known maximum CDF Fδmax(z;N) =
[Fδi

(z)]N describes the maximum of the N IID random
variables δi. However, in the correlated case, only the
first increment δ̃1 = δ1 has the same statistical prop-
erties as those of the IID process. This gives the term
Fδi

(z) in Eq. (29). The following N − 1 increments δ̃i,
i ≥ 2, are correlated, and therefore, are governed by
the term Fδ̃max

(z;N − 1) instead of Fδmax(z;N − 1) =
[Fδi

(z)]N−1.
The maximum PDF is the derivative fδ̃max

(z;N) =
d/dzFδ̃max

(z;N), and therefore,

fδ̃max
(z;N) ∼ fδ̃max

(z;N − 1) + fδi
(z). (30)

Here, we used that both CDFs Fδ̃max
(z;N − 1) and

Fδi
(z) are about 1 for large z. Thus, we can deduce

(proof by induction) that the tail of the maximum incre-
ment PDF follows

fδ̃max
(z;N) ∼ NAz−1−α ∼ Nfδi

(z), (31)

which is the same as the tail of fδmax(z;N) describ-
ing the maximum of the IID random variables. Sum-
marised, we can say that

Prob(δ̃max > z) ∼ Prob(δmax > z), (32)

for large z, see Fig. 4. This formula is the general state-
ment of the exemplary results of Eq. (25).

In Fig. 5, we present the scatter plot between δ̃max

and δmax for the algebraic memory kernel for two dif-
ferent PDFs of δi, namely the two-sided symmetric
Lévy PDF and the Pareto PDF. For the first exam-
ple, we observe a straight line for large values δ̃max ≈
δmax. But for the second example, we see some offset
δ̃max ≈ δmax + C. The reason for that is the correction
to the BJP which we already found for the IID case,
see Sect. 2 and “Appendix A”. We can find the offset C
here by replacing the remaining random (which are not
the maximum) variables by their mean, see details for
the correlated random walk also in “Appendix A”. Let
us say δ̃max happens at b so that δ̃max = δ̃b. Per def-
inition, the b-th increment is δ̃b = δb +

∑b−1
j=1 Mb−jδj .

Assuming δb is large, we claim δ̃b
d∼ δb+〈δi〉

∑b−1
j=1 Mb−j .

This formula is conditioned on the step number b.
Now, we average over b. Thus, we get the uncondi-
tional relationship δ̃max

d∼ δmax + C with the offset
C = 〈δi〉

∑N
b=1

[
Φ(b)

∑b−1
j=1 Mb−j

]
. The probability Φ(b)

that δ̃max appears at b will be discussed below when we
study the conditional BJP. In Fig. 5, the offset C is vis-
ible in the scatter plot for the Pareto case because small
β and large N lead to a large C. If we would sample
more data, we eventually would find even larger max-
ima so that the offset will be less visible in the scatter
plot. But even for small C we find that this correc-
tion describes well also other distributions of this work
at hand. In “Appendix A”, we present the correction
terms for the conditional and unconditional sum and
maximum distributions.

5.2 Tail of the sum distribution for x̃N

We already calculated the unconditional PDF of x̃N

when the IID random variables δi follow the symmetric
Lévy PDF, see Eq. (12). We also found the PDF of x̃N

for the Pareto case when N → ∞, see Eq. (16). Hence,
we are left with the Pareto case when N is finite which
we perform now.

The unconditional PDF of the sum x̃N is the N -fold
convolution

fx̃N
(z) = (fWN−1δ1 ∗ . . . ∗ fW0δN

)(N)(z). (33)

The effect of correlations enters in this equation through
the factors WN−1, . . . ,W0. The 2-fold convolution is
defined as (f ∗ g)(2)(z) =

∫ z

0
f(x)g(z − x)dx and higher

orders subsequently. We calculate the Laplace trans-
form f̂x̃N

(s) =
∫ ∞
0

fx̃N
(z)exp(−zs)dz. The N -fold con-
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Fig. 5 a Scatter plot between δmax and δ̃max (purple circles) where N = 104. The δi follow Lα,0,1,0(z). The memory
kernel is algebraic with β = 0.01. The number of realisations is 103. A line with slope one is shown (black line). There

is a linear relationship between δmax and δ̃max when both are large as predicted by Eq. (32). b The same plot as the

left figure but with the δi following the Pareto PDF with α = 3/2. The big jump principle follows a linear line δ̃b ≈
δb + 〈δi〉∑N

b=1

[
Φ(b)

∑b−1
j=1 Mb−j

]
(dashed line) as explained in the main text

volution is in Laplace space the N -product

f̂x̃N
(s) =

N∏

i=1

f̂δi
(WN−is). (34)

The small s behaviour of the Laplace transform for
the increment Pareto PDF is f̂δi

(s) ∼ 1 + αΓ (−α)sα

when α ∈ (0, 1) and f̂δi
(s) ∼ 1 − 〈δi〉s + αΓ (−α)sα

when α ∈ (1, 2). Therefore, we find the large sum
behaviour given by the small s expansion f̂x̃N

(s) ∼
αΓ (−α)γ̃Nsα for both α ∈ (0, 1) and α ∈ (1, 2) with
the scaling factor γ̃N =

∑N
i=1(WN−i)α (see Eq. (13)).

Inverse Laplace transform s → z gives the large z
behaviour

fx̃N
(z) ∼ γ̃Nαz−1−α. (35)

We finally have all results to state the unconditional
BJP.

5.3 Unconditional big jump principle

We compare the tail of the maximum distribution of
Eq. (31) with the tail of the sum distributions of
Eqs. (12) and (35). We find the unconditional BJP

Prob(x̃N > z) ∼ γ̃N

N
Prob

(
δ̃max > z

)
, (36)

for large z and any N . We presented it earlier in
Eq. (21). This formula implies the random variable
transform

x̃N
d∼

(
γ̃N

N

)1/α

δ̃max, (37)

Fig. 6 Histogram for (γ̃N/N)1/αδ̃max (blue circles) with

(γ̃N/N)1/α ≈ 2.745 and x̃N (red squares) compared with the
unconditional BJP of Eq. (36) (black line) where N = 5. The
δi follow the Pareto PDF with α = 3/2. The memory kernel
is exponential with the parameter m = 0.9. The number of
realisations is 106

for large values because f(γ̃N /N)1/αδ̃max
(z) ∼ (γ̃N/N)

fδ̃max
(z). In Fig. 6 we compare the theory of Eq. (36)

with Monte-Carlo simulations and find perfect agree-
ment.

6 Conditional big jump principle

In contrast to the IID case, the step number when the
big jump happens plays an important role. For exam-
ple, when we observe the scatter plot between x̃N and
δ̃max we do not observe a single line with the slope given
by the prefactor (γ̃N/N)1/α of Eq. (37), see Fig. 3. The
reason is that Eq. (36) refers to the unconditional distri-
butions and the scatter plot depends on the time steps
when the big jump occurs, i.e. we are dealing with con-
ditional distributions.
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Fig. 7 a Probability Φ(b) that the big jump δ̃max occurs at b with N = 100 for no memory (green), exponential memory
with m = 0.9 (blue) and algebraic memory with β = 0.5 (red). The δi follow the two-sided Lévy PDF with α = 1.5. The
number of realisations is 106. b The same figure as the left figure but the IID random variables δi follow the Pareto PDF
with α = 1.5
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Fig. 8 Conditional probability Φ(b|δ̃max > z) for z = 1
(black), z = 100 (blue) and z = 105 (red). The δi follow the
Pareto PDF with α = 0.5. The memory kernel is algebraic
with β = 0.5. We used N = 10 and 105 realisations

Generally, the unconditional PDFs are

fx̃N
(z) =

N∑

b=1

Φ(b)fx̃N |b(z|b),

fδ̃max
(z) =

N∑

b=1

Φ(b)fδ̃max|b(z|b). (38)

The conditional PDFs fx̃N |b(z|b) and fδ̃max|b(z|b) depend
on the time step b = 1, . . . , N when the maximum δ̃max

occurs. Φ(b) is the probability that δ̃max happens at
b. This probability can be numerically obtained, see
Fig. 7. There we compare Φ(b) of both memory kernels
with the probability that the IID big jump δmax hap-
pened at b. The latter is obviously Φ(b) = 1/N . Before
we continue, we have to discuss a subtle issue regarding
Φ(b). We presented previously the relationship between
large values of δ̃max and of δmax, see Eq. (32). Both
large values are equally distributed. How can this be
when the probability Φ(b) of δ̃max being at b is not
1/N? To answer this question, we have to consider
the conditional probability Φ(b|δ̃max > z) that δ̃max

larger than some value z . For large values z, we find
Φ(b|δ̃max > z) ∼ 1/N , see Fig. 8. Therefore, we confirm

our findings that only the large values of δ̃max and of
δmax are statistically equal.

From the large z behaviour of the unconditional
PDFs fx̃N

(z) of Eqs. (12) and (35) and fδ̃max
(z) of

Eq. (31), we can conclude the large z behaviour of the
conditional PDFs from Eq. (38). We get

fx̃N |b(z|b) ∼ (WN−b)α

Φ(b)
Az−1−α,

fδ̃max|b(z|b) ∼ 1
Φ(b)

Az−1−α, (39)

see Fig. 9. On a side note, if we would condition on
the occurrence of δmax and not δ̃max both conditional
PDFs behave as fx̃N |b(z|b) ∼ (WN−b)αNAz−1−α and
fδ̃max|b(z|b) ∼ NAz−1−α because here Φ(b) = 1/N . In
particular, the conditional maximum PDF has the same
large z behaviour as the unconditional one, but this is
only true if we condition on the IID big jump δmax. In
Sect. 4, we considered the condition on δmax.

When we compare the large z behaviour of the con-
ditional PDFs Eq. (39), we find the conditional BJP

Prob(x̃N > z|b) ∼ (WN−b)αProb
(
δ̃max > z|b

)
(40)

conditioned on the occurrence of the big jump δ̃max at
b for large z and any N , see Fig. 9. We presented this
result earlier in Eq. (22). The conditional BJP is gov-
erned by the random variable transform

x̃N
d∼ WN−bδ̃max, (41)

conditioned on the step number b. If the biggest jump
was the last one, b = N , the correlations do not play a
role, while the effect is largest if b = 1. This equation is
the generalisation of the exemplary result of Eq. (27).
It can be visualised in a scatter plot between x̃N and
δ̃max. For large values of the random variables, one sees
N lines with each the slope WN−b depending on b. In
Fig. 2 it was presented for N = 2, in Fig. 10 we present
N = 5.
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Fig. 9 Histograms for δ̃max (blue circles) and x̃N/WN−b

(red squares) both conditioned on the step number of

the big jump δ̃max compared with the conditional BJP of
Eq. (40) (black lines) where N = 5, i.e. the black lines are
αz−1−α/Φ(b). The three curves matching in the upper line
represent b = 1 and the three curves matching in the lower
line represent b = 5. As explained in the main text, we esti-
mated Φ(1) ≈ 0.0284 and Φ(5) ≈ 0.6795. The δi follow the
Pareto PDF with α = 1.5. The memory kernel is algebraic
with the parameter β = 0.5. The number of realisations is
106

6.1 Alternative argumentation

We present an alternative argumentation to find the
conditional BJP. The interesting point here is that we
can use the IID BJP and find easily the conditional BJP
without long calculations. In some sense, this alterna-
tive discussion here is a generalisation of Sect. 4. Most
results in this subsection were shown previously. How-
ever, one particular point becomes clearer now, namely
the behaviour of the subsequent increments after the
big jump.

We rearrange the definition of the sum x̃N =
∑N

i=1

(∑i
j=1 Mi−jδj

)
according to

x̃N =
N−1∑

l=0

Ml

N−l∑

k=1

δk =
N−1∑

l=0

MlxN−l, (42)

i.e. the correlated sum x̃N is written in terms of a
weighted sum of the uncorrelated sum xN . We assume
that the maximum of the IID random variables δmax

happens at step number b and is also large. This is the
condition on the appearance of δmax and not δ̃max. This
implies xN−l

d∼ δmax for N − l ≥ b which is the IID BJP
of Eq. (1). Thus, Eq. (42) becomes

x̃N
d∼

N−b∑

l=0

Mlδmax = WN−bδmax, (43)

where the terms with N − l < b can be neglected. This
is Eq. (41).

Equation (43) has an important implication, namely
all increments with i ≥ b are statistically described by

Fig. 10 Scatter plot between δ̃max and x̃N (purple circles)
where N = 5. The δi follow the Pareto PDF with α =
3/2. The memory kernel is algebraic with β = 1/2. The
number of realisations is 106. The five lines have the slopes
W0, W1, . . . , W4. The five linear relationships between δ̃max

and x̃N when both are large are predicted in Eq. (41) and

indicate at which step δ̃max occurred

a single term

δ̃i
d∼ Mi−bδmax. (44)

This is a relation between the i-th increment δ̃i with
i = b, . . . , N and the maximum of the noise increments
δmax = δb. Equation (44) can be seen by compari-
son of the prefactors between Eq. (43) and the defi-
nition δ̃i =

∑i
j=0 Mi−jδj . Thus, the sum

∑i
j=0 Mi−jδj

is solely described by the single term Mb−iδmax which is
influenced by the big jump directly and all other sum-
mands can be neglected. Based on Eq. (44), we find
three key points under the assumption of large δmax:

1. The big jump is statistically the same as the maxi-
mum of the IID random variables δ̃max

d∼ δmax when
both are large.

2. The increments following the big jump can never be
neglected when summing up to x̃N .

3. The correlated sum conditioned on b is statistically
x̃N

d∼ WN−bδ̃max when both sides are large.

In particular, the third point is the conditional BJP of
Eq. (40).

We have seen how the interplay between big jump
and correlations lead to the conditional BJP. We con-
clude this observation with another implication. Take
the example of the IID random variables following
the Pareto PDF fδi

(z). The non-negligible subsequent
increments after the big jump lead to an amplification
of the sum x̃N compared to xN . We demonstrate this
in Fig. 11 for the two memory kernels. The earlier the
big jump happened the bigger is the influence of the
big jump on the random walk due to the correlations.
In other words, once a very large maximum occurred
we can predict the future since the future depends only
on the big jump (from the past) and the deterministic
value of the correlation.
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Fig. 11 The random walk x̃N with no correlations (green
crosses), exponential memory kernel with m = 0.6 (blue
circles) and algebraic memory kernel with β = 0.9 (red
squares). One realisation of (δ1, . . . , δN ) was used where
the δi follow the Pareto PDF with α = 3/2. The big jump

δ̃max ≈ 10128 happened at b = 7. The graph clearly shows
the amplified influence of the big jump on the random walk
due to the correlations

6.2 Large N behaviour in the scatter plot

In Fig. 12, we present the scatter plot between δ̃max

and x̃N for the large value of N = 500. We present the
exponential and algebraic memory kernel case. For both
cases, we do not see N lines as in the scatter plots of
Figs. 2 and 10 where we present small N . The reason is
simply that we do not have enough realisations which
are necessary to sample the rare events. Furthermore,
we observe two different behaviours between the expo-
nential and algebraic memory case. While exponential
case yields a straight line, the algebraic case looks like
a triangle. This is because the weight WN−b for large
N either converges (exponential memory) or not (alge-
braic memory). Here, it is important that we do not fix
b as previously in Eqs. (10) and (11). We explain now
both cases in detail.

For the exponential memory, we still can use the large
N behaviour of Eq. (10), namely WN−b ∼ 1/(1 − m),
even when we do not fix b. The latter is important. For
large N only values b ≈ N yield WN−b � 1/(1−m). But
this amount of WN−b is negligible to those WN−b which
behave as 1/(1 − m). Therefore, we get the conditional
BJP of Eq. (40) for large N as

Prob(x̃N > z|b) ∼ 1
(1 − m)α

Prob
(
δ̃max > z|b

)
, (45)

for large z. The prefactor in the right hand side does not
depend on b. Therefore, this is also the unconditional
BJP for large N which we can show directly. When we
take the large N limit of the prefactor γ̃N/N in the
unconditional BJP Eq. (36), we find again Eq. (45) but
now not conditioned on b. The variable transform of
Eq. (45) is

x̃N
d∼ 1

1 − m
δ̃max, (46)

under the assumption of large N . The prefactor 1/(1 −
m) is the slope we observe in the scatter plot of Fig. 12.

In contrast, for the algebraic memory kernel, the
weight WN−b for large N but not fixed b cannot be
replaced by N1−β/(1 − β). The latter assumes fixed
b, see Eq. (11). For large N , there is a non-negligible
amount of WN−b which is not similar to this limit. In
addition, this is what we observe in the scatter plot.
It is statistically difficult to observe N lines because
it would require a tremendous amount of realisations
of x̃N . What one observe instead for a large but finite
amount of realisations is a triangle structure confined
by the lowest and largest slope

δ̃max ≤ x̃N ≤ N1−β

1 − β
, (47)

Fig. 12 a Scatter plot between δ̃max and x̃N (purple circles) where N = 500. The δi follow the Pareto PDF with α = 1.5.
The memory kernel is exponential with m = 0.9. The number of realisations is 106. The relatively large number N makes
if statistically difficult to observe the predicted N lines with slopes W0, . . . , WN−1. Instead, most large values are located
on the line with the slope 1/(1 − m) (black line), see Eq. (46). b The same parameters as the left figure but the memory
kernel is algebraic with β = 1/2. We observe a triangle bordered by the two lines with slope W0 = 1 and N1−β/(1 − β)
(two black lines), see Eq. (47)
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see Fig. 12. The upper bound diverges, so when N → ∞
it is not really useful. One should hope it works for finite
but large N . Of course, for a large enough number of
realisations one would finally observe N lines but this is
practically difficult. In this sense, the case of power law
memory kernel is vastly different from the exponential
case.

7 Summary

We studied the relationship between the maximum δ̃max

and the correlated sum x̃N in the limit when both are
large. In contrast to the well-studied IID case, here
the step number b = 1, . . . , N of the big jump δ̃max

is relevant. We found three key observations under the
assumption that the maximum of the IID random vari-
ables δmax is large: (1) The big jump is statistically
the same as the maximum of the IID random variables
δ̃max

d∼ δmax provided both are large, (2) the incre-
ments after the big jump are statistically described
by δ̃i

d∼ Mi−bδmax with i ≥ b, see Eq. (44), and (3)
large values of the correlated sum conditioned on b
are statistically the same as the weighted big jump
x̃N

d∼ WN−bδ̃max. In particular, the increments after
the big jump contribute to the tail statistics of x̃N .
We described these mechanisms, and in particular, the
dependence of the step number of the big jump on x̃N

with two BJPs. These are the unconditional BJP of
Eq. (36) and the conditional BJP of Eq. (40). Beyond
that, we believe that the results of this work are suit-
able for a generalisation when studying other corre-
lated random walks. For example, the well-known time
series analysis models ARMA and ARFIMA processes
[34,36,37] can be written as a weighted sum of IID ran-
dom variables. Furthermore, the studied techniques can
be used in the evaluation of rare events in time series
data where heavy-tails and correlations are present, e.g.
transport of contamination in disordered media [29,43]
and precipitation [44]. Another promising research idea
is the study of the big jump principle for correlated
random walks in the presence of an absorbing bound-
ary, i.e. a combination of the results of this work and
[45] where the location of the big jump in the Lévy walk
model has been investigated for an absorbing boundary
condition.
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A Correction term for the BJPs

A.1 IID random variables

We assume that the IID random variables δi follow the
Pareto PDF with α > 1, i.e. the mean 〈δi〉 exists. Clearly
for the Pareto PDF all random variables are positive and
hence xN > δmax. Here, we find a correction to the IID BJP

xN
d∼ δmax with the following idea.

The random walk is defined by the sum xN =
∑N

i=1 δi.
Now, we assume that the maximum happened at b, i.e.
δmax = δb, is very large. Then, we replace all remaining ran-
dom variables δi, i �= b, by the mean 〈δi〉. This replacement
neglects the fluctuations of the remaining variables due to
the dominating large value of the maximum. We get

xN
d∼ δmax + (N − 1)〈δi〉, (48)

or similarly xN
d∼ δmax + 〈xN−1〉, see Fig. 13.

We can derive this relationship also from the expansion
of the PDFs. The sum PDF is the convolution fxN (z) =

(f ∗ . . . ∗ f)(N)(z) which is in Laplace space the product

f̂xN (s) = [f̂δi(s)]
N . The Laplace transform of the random

variable PDF is f̂δi(s) = αΓ (−α)sα + 1 − 〈δi〉s + O(s2). To
get the tail of fxN (z) we only need the lowest order non-
integer exponents of s in the Laplace transform. Hence, we
use the small s expansion f̂xN (s) ∼ NαΓ (−α)sα − N(N −
1)α〈δi〉Γ (−α)s1+α. Inverse Laplace transform gives

fxN (z) ∼ Nαz−1−α + N(N − 1)α(1 + α)〈δi〉z−2−α. (49)

Now, we need the maximum PDF which is fδmax(z) =
Nfδi(z)[Fδi(z)]N−1 ∼ Nfδi(z) = Nαz−1−α. To get the cor-
rection of Eq. (48), we make the ansatz for the variable

Fig. 13 Histograms of the IID maximum δmax (blue) and
the IID sum xN (red) compared with the IID BJP Nαz−1−α

(dotted line) and the correction Nα(z − C)−1−α with C =
(N−1)〈δi〉, see Eqs. (48) and (52). The IID random variables
follow the Pareto PDF with α = 1.5. We used N = 102 and
105 realisations
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Fig. 14 a Histogram of δ̃max (blue) conditioned on b = 4
compared with the large z behaviour αz−1−α/Φ(b) (dotted
line) and the correction of Eq. (54) (solid line). The δi fol-
low the Pareto PDF with α = 1.5. The memory kernel is
algebraic with β = 0.3. We used N = 5 and 106 realisa-
tions. b Histogram of δ̃max (blue) compared with the large
z behaviour Nαz−1−α (dotted line) and the correction of
Eq. (55) (solid line). The IID random variables follow the
Pareto PDF with α = 1.5. The memory kernel is algebraic
with β = 0.3. We used N = 102 and 105 realisations

transform δmax+C. The PDF is fδmax+C(z) = fδmax(z−C).
The large argument behaviour Nα(z − C)−1−α with large
z − C is

fδmax+C(z) ∼ Nαz−1−α + Nα(1 + α)Cz−2−α. (50)

Comparison between Eqs. (49) and (50) yields

C = (N − 1)〈δi〉, (51)

and therefore, shows Eq. (48). In terms of the PDFs, the
correction yields

fxN (z) ∼ fδmax(z − C). (52)

Summarised, we learn from this IID case that Eq. (48) can
be found quite easily by the theme: neglect the fluctuations
of the remaining variables (which are not the maximum)
and replace their values by the mean.

A.2 Correlated random walk

We consider the correlated random walk model and start
with the maximum δ̃max. We found the relationship δ̃max

d∼
δmax, see Eq. (32). In addition, here we can find a correction
similar to the IID case of Eq. (48). Per definition the corre-

lated increment is the weighted sum δ̃i =
∑i

j=1 Mi−jδj ,

see Eq. (4). We condition the appearance of the maxi-

mum δ̃max at the step number b. Still per definition, it is
δ̃b = δb +

∑b−1
j=1 Mb−jδj . When the maximum is very large,

we replace the remaining variables by their mean (remember
we assume α > 1 and Pareto). We get

δ̃b
d∼ δb + 〈δi〉

b−1∑

j=1

Mb−j . (53)

The IID maximum δb is conditioned on the occurrence of
δ̃max. Therefore, δb follows the conditional PDF fδmax|b(z|b) ∼
αz−1−α/Φ(b) where Φ(b) is the probability that δ̃max hap-
pens at b, see Eq. (38). We get the corrected conditional
maximum PDF

fδ̃max|b(z|b) ∼ 1

Φ(b)
α

[

z − 〈δi〉
b−1∑

j=1

Mb−j

]−1−α

, (54)

Fig. 15 a Histogram of x̃N (red) conditioned on b = 4
compared with the large z behaviour (WN−b)

ααz−1−α/Φ(b)
(dotted line) and the correction of Eq. (56) (solid line). The
δi follow the Pareto PDF with α = 1.5. The memory kernel
is algebraic with β = 0.3. We used N = 5 and 106 reali-
sations. b Histogram of x̃N (red) compared with the large
z behaviour γ̃Nαz−1−α (dotted line) and the correction of
Eq. (57) (solid line). The IID random variables follow the
Pareto PDF with α = 1.5. The memory kernel is algebraic
with β = 0.3. We used N = 102 and 105 realisations

see Fig. 14. The unconditional maximum PDF is obtained
by summing over all b with the weight Φ(b), see Eq. (38).
We get

fδ̃max
(z) ∼ Nα

[

z − 〈δi〉
N∑

b=1

(

Φ(b)

b−1∑

j=1

Mb−j

)]−1−α

,(55)

see Fig. 14.
Now, we describe the corrections for the correlated sum

PDF. We repeat the just presented ansatz. Per definition,
it is x̃N =

∑N
k=1 WN−kδk, see Eq. (8). We take out the b-

th IID increment x̃N = WN−bδb +
∑N

k=1,k �=b WN−kδk. We

assume that the big jump δ̃max|b happens at b and that it is

also large so that δ̃max|b d∼ δb. Note that the IID big jump

δb is conditioned on the step number of δ̃max|b. We replace
the remaining increments by their mean and get

x̃N |b d∼ WN−bδb + 〈δi〉
N∑

k=1,k �=b

WN−k. (56)

Since δb
d∼ αz−1−α/Φ(b), we find the correction for the con-

ditional BJP

fx̃N |b(z|b) ∼ (WN−b)
α

Φ(b)
α

⎡

⎣z − 〈δi〉
N∑

k=1,k �=b

WN−k

⎤

⎦

−1−α

,

(57)

see Fig. 15. The corrections for the unconditional BJP are
obtained by summing over all b with the weight Φ(b), see
Eq. (38). We get

fx̃N (z) ∼ γ̃Nα

⎡

⎣z − 〈δi〉
N∑

b=1

⎛

⎝Φ(b)
N∑

k=1,k �=b

WN−k

⎞

⎠

⎤

⎦

−1−α

,

(58)

see Fig. 15.
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B Distribution of x̃N in the large N limit

We calculate the large N limit of the correlated sum PDF
fx̃N (z) where the uncorrelated increments follow the Pareto
PDF fδi(z) = αz−1−αΘ(z−1) with the Heaviside step func-
tion Θ(z − 1) = 1 for z ≥ 1 and Θ(z − 1) = 1 for z < 0.
We use the characteristic function which is the product

ϕx̃N (k) =
N∏

i=1

ϕδi(WN−ik) (59)

First, we calculate the characteristic function of the uncor-
related increments

ϕδi(k) =

∞∫

−∞

eikzfδi(z)dz

=

∞∫

−∞

cos(kz)fδi(z)dz + i

∞∫

−∞

sin(kz)fδi(z)dz

= αΓ (−α)|k|αcos
(πα

2

)

+ pFq

({
−α

2

}
,

{
1

2
, 1 − α

2

}

, −k2

2

)

+ i

[

− αΓ (−α)|k|−1+αsin
(πα

2

)

+
α

α − 1
kpFq

({
1

2
− α

2

}

,

{
3

2
,
3

2
− α

2

}

, −k2

4

)]

.

(60)

The last step can be checked with Mathematica using
fδi(z) = αz−1−αΘ(z − 1). The small k expansion is

ϕδi(k) ∼ αΓ (−α)cos
(πα

2

)
|k|α

[
1 − isign(k)tan

(πα

2

)]

+ 1 + i
α

α − 1
k + O(k2) (61)

Therefore, for large N , we get

ϕx̃N (k) ∼ exp
[
ikμ − c|k|α

(
1 − iβsign(k)tan

(πα

2

))]

(62)

with

β = 1,

c = −αΓ (−α)cos
(πα

2

) N∑

i=1

(WN−i)
α,

μ =

{
0 for α ∈ (0, 1),

α
α−1

∑N
i=1 WN−i for α ∈ (1, 2).

(63)

Finally, the characteristic function of the shifted and
rescaled correlated sum is

ϕAN (x̃N −BN )(k) = e−iAN BN k
N∏

i=1

ϕδi(ANWN−ik). (64)

AN and BN can be chosen such that the limiting distribu-
tion is independent of N . One finds AN = (γ̃N )−1/α and
BN = μ so that the rescaled random variable converges for
large N to Lα,κ,c/γ̃N ,0(z), see Fig. 16.

Fig. 16 Histogram for (γ̃N )−1/α(x̃N − μ) (red squares)
compared with the limiting PDF Lα,κ,c/γ̃N ,0(z) (black line)

where N = 104, see the explanation for Eq. (64). The δi

follow the Pareto PDF with α = 3/2. The memory kernel
is exponential with the parameter m = 0.6. The number of
realisations is 104

C Scaling factor γ̃N in the large N limit

Here, we calculate the large N limit of the scaling factor
defined in Eq. (13) as

γ̃N =
N∑

k=1

(WN−k)α. (65)

First, we begin with the exponential memory kernel. From
Eq. (10) we know that the large N behaviour of the weight
is WN−k ∼ 1/(1 − m). Hence, we can conclude

γ̃N ∼ 1

(1 − m)α
N. (66)

Second, for the algebraic memory kernel, we find the large
N limit of the scaling factor

γ̃N =
N∑

k=1

(
N−k∑

j=0

(j + 1)−β

)α

, (67)

by the following arguments. The inner sum behaves asymp-
totically as

N−k∑

j=0

(j + 1)−β ∼
∫ n−k

0

(j + 1)−βdj ∼ (N − k + 1)1−β

1 − β
.

(68)

The outer sum behaves asymptotically as the integral

N∑

k=1

(
(N − k + 1)1−β

1 − β

)α

∼
∫ N

1

(
(N − k + 1)1−β

1 − β

)α

dk

(69)

which can be calculated to

γ̃N ∼ 1

(1 − β)α

N1+α(1−β)

1 + α(1 − β)
(70)

with the exponent range 1 < 1 + α(1 − β) < 3.

123



Eur. Phys. J. B          (2021) 94:216 Page 15 of 17   216 

D Maximum CDF

The maximum PDF of the correlated increments follows
the same tail as the maximum PDF of the uncorrelated
increments

fδ̃max
(z) ∼ NAz−1−α, (71)

i.e it is independent of the correlations. We derive this result
by rewriting the definition of the maximum PDF and finding
a formula suitable for a proof by induction.

The maximum PDF is fδ̃max
(z) = d/dzFδ̃max

(z) with
the cumulative distribution function (CDF) Fδ̃max

(z) =

Prob(δ̃1 ≤ z, . . . , δ̃N ≤ z) which is

Fδ̃max
(z) =

z∫

−∞

dz1 . . .

z∫

−∞

dzNfδ̃1,...,δ̃N
(z1, . . . , zN ). (72)

fδ̃1,...,δ̃N
(z1, . . . , zN ) is the joint PDF of the correlated incre-

ments (δ̃1, . . . , δ̃N ). We rewrite this joint PDF using the
chain rule of probability so that

fδ̃1,...,δ̃N
(z1, . . . , zN ) =

N∏

i=1

fδ̃i|δ̃1,...,δ̃i−1
(zi|z1, . . . , zi−1)

(73)

Note that for i = 1 the right hand side gives fδ̃1
(z1). We

can simplify these conditional PDFs. When the first i −
1 uncorrelated increments δ1, . . . , δi−1 are given, then ith
correlated increment is the sum of a constant and the i-th
uncorrelated increment δ̃i =

∑i−1
j=1 Mi−jδj + δi, see Eq. (4).

Therefore, the conditional PDFs of Eq. (73) are the single
PDFs with shifted argument

fδ̃i|δ̃1,...,δ̃i−1
(zi|z1, . . . , zi−1) = fδi

(

zi −
i−1∑

j=1

Mi−jzj

)

.

(74)

Hence, we get the correlated maximum CDF in a suitable
form

Fδ̃max
(z) =

z∫

−∞

dz1 . . .

z∫

−∞

dzN

N∏

i=1

fδi

(

zi −
i−1∑

j=1

Mi−jzj

)

.

(75)

Now, we approximate this formula and find an expression
predestinated for a proof by induction to show Eq. (71).

We approximate the first inner integral over zN , namely

z∫

−∞

dzNfδN

(

zN −
N−1∑

j=1

MN−1zj

)

= FδN

(

z −
N−1∑

j=1

MN−1zj

)

∼ FδN (z). (76)

The approximation in the last step is due the binomial the-
orem for large values of z. The remaining N − 1 integrals
over z1, . . . , zN−1 in Eq. (75) are exactly the maximum CDF
for N − 1 variables Fδ̃max

(z; N − 1). We added the number
of variables N − 1 into the notation and will continue with

this notation for the following formulas. Therefore, the max-
imum CDF Eq. (75) behaves as

Fδ̃max
(z; N) ∼ Fδ̃max

(z; N − 1)FδN (z). (77)

It is important to mention that we implied the condition
MN−j < 1 for the validity of this formula. We explain it
for N = 2. The CDF Fδ2(z − M1z1) in Eq. (76) requires
z − M1z1 > 1 which yields z1 < (z − 1)/M1 ∼ z/M1 for
large z. Only for M1 < 1 it is z/M1 > z so that the integral
over z1 in Eq. (75) goes until z and not only until z/M1.
And this gives Eq. (77).

The maximum PDF is the derivative of the maximum
CDF Eq. (77) and behaves as

fδ̃max
(z; N) ∼ fδ̃max

(z; N − 1)FδN (z) + Fδ̃max
(z; N − 1)

fδN (z). (78)

Furthermore, we can use here that both CDFs are about 1
for large z so that

fδ̃max
(z; N) ∼ fδ̃max

(z; N − 1) + fδN (z). (79)

We finally found the formula suitable for a proof by induc-
tion to show the tail behaviour Eq. (71). Starting with N =
2, we can directly get fδ̃max

(z; 2) ∼ 2Az−1−α. Furthermore,

assuming the scaling fδ̃max
(z; N) ∼ NAz−1−α of Eq. (71)

is correct, we see from Eq. (79) that fδ̃max
(z; N + 1) ∼

(N +1)Az−1−α. Thus, the scaling Eq. (71) is indeed correct.

D.1 Pareto IID random variables for N = 2

We calculate the maximum PDF fδ̃max
(z) for N = 2 when

the IID random variables follow the Pareto PDF fδi(z) =
αz−1−α with z > 1. We use m = M1. From Eq. (75), we get

fδ̃max
(z) =

d

dz
Fδ̃max

(z) =

z∫

−∞

fδi(z)fδi(z2 − mz)dz2

+

z∫

−∞

fδi(z1)fδi(z − mz1)dz1. (80)

The first integral gives

z∫

−∞

fδi(z)fδi(z2 − mz)dz2 = fδi(z)Fδi(z − mz). (81)

For the second integral, we derive the indefinite integral
∫

fδi(z1)fδi(z − mz1)dz1 = I(z1, z). (82)

Mathematica gives us

I(z1, z) =
α

1 − α
z−2z1

−α(z − mz1)
−α
(
1 − mz1

z

)α

×
[
αmz1 × 2F1(1 − α, 1 + α, 2 − α, mz1/m)

+ (α − 1)z × 2F1(−α, α, 1 − α, mz1/z)
]

(83)

where 2F1 is the hypergeometric function. The integrand of
Eq. (82) yields 3 different regions for z. Thus, we get the
second integral as
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z∫

−∞

fδi(z1)fδi(z − mz1)dz1

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, z ∈ (−∞, 1 + m),

I
(

z−1
m

, z
)− I(1, z), z ∈

(
1 + m, 1

1−m

)
,

I(z, z) − I(z, 1), z ∈
(

1
1−m

, ∞
)

.

(84)

Therefore, we find the maximum PDF exactly as the sum of
the first integral Eq. (81) and the second integral Eq. (84).

The large z behaviour is the sum of the large z behaviours
of Eqs. (81) and (84). The first integrals behaves as fδi(z) =
αz−1−α. The second integral gives also (after some calcula-
tions) the same behaviour αz−1−α. So that we finally have

fδ̃max
(z) ∼ 2αz−1−α. (85)

This is the same large z behaviour as for the IID maximum

fδmax(z) ∼ 2αz−1−α. Therefore, it shows δ̃max
d∼ δmax for

N = 2 where we get the large z behaviour from the exact
expression of fδ̃max

(z).

D.2 Uniform IID random variables for N = 2

We calculate the maximum PDF fδ̃max
(z) for N = 2 when

the IID random variables follow the uniform PDF on the
interval [0, 1], i.e. fδi(z) = Θ(1 − z)Θ(z) where Θ is the
Heaviside step function. We use m = M1. From Eq. (75),
we get

fδ̃max
(z) =

d

dz
Fδ̃max

(z) =

z∫

−∞

fδi(z)fδi(z2 − mz)dz2

+

z∫

−∞

fδi(z1)fδi(z − mz1)dz1. (86)

The first integral gives

z∫

−∞

fδi(z)fδi(z2 − mz)dz2 = (1 − m)zΘ(z)Θ(1 − z).

(87)

The second integral gives

z∫

−∞

fδi(z1)fδi(z − mz1)dz1

= zΘ(z)Θ(1 − z) +
1 + m − z

m
Θ(z − 1)Θ(1 + m − z).

(88)

Finally, the maximum PDF is

fδ̃max
(z) =

{
(2 − m)z for 0 < z < 1,

(1 + m − z)/m for 1 < z < 1 + m
(89)

which we observe in Fig. 2.
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