
Homework 6

To be submitted till 21/12/11 14:00

1 Multipole Expansion:

Read the section 3.4.1 �Approximate Potentials at Large Distances� in �Introduction to electrodynamics� by David
J. Gri�ths and the section 4.2 �Multipole Expansion� in �Classical Electrodynamics� by John David Jackson.

1. Write the multipole expansion of V (r) using spherical harmonics Ylm:

(a) Read the section 3.6 �Addition Theorem for Spherical Harmonics� in �Classical Electrodynamics� by
John David Jackson. Show that, for two vectors x and x′, with spherical coordinates (r, θ, ϕ) and
(r′, θ′, ϕ′), respectively, have an angle γ between them, as illustrated in the following �gure:!!!!!!!!

2 , the expression Pl (cos γ) =
4π

2l+1

l∑
m=−l

Y ∗lm (θ′, ϕ′)Ylm (θ, ϕ)

is true.

(b) Show that 1
|x−x′| = 4π

∞∑
l=0

l∑
m=−l

r′l

rl+1Y
∗
lm (θ′, ϕ′)Ylm (θ, ϕ) for |x| = r � |x′| = r′

(c) Write the multipole expansion of V (r) using spherical harmonics Ylm.

2. A localized distribution of charge has a charge density ρ (r) = 1
64π r

2e−r sin2 θ. Make a multipole expansion
of the potential due to this charge density and determine all the nonvanishing multipole moments. Write
down the potential at large distances as a �nite expansion in Legendre polynomials. (Jackson, problem 4.7)

3. The quadrupole term.

(a) Show that the quadrupole term in the multipole expansion can be written as Vquad (r) =
1

4πε0
1

2r3

3∑
i,j=1

r̂ir̂jQij

where Qij =
´ [

3r′ir
′
j − r′2δij

]
ρ (r′) dv′ is the quadrupole moment of the charge distribution. Notice

the hierarchy: the monopole moment (Q) is a scalar, the dipole moment (p) is a vector, the quadrupole
moment (Qij) is a second-rank tensor, and so on.

(b) Find all nine components of Qij for the con�guration in the following �gure: (assume the
square has side a and lies in the xy plane, centered at the origin).

(c) Show that the quadrupole moment is independent of origin if the monopole and dipole moments both
vanish. (This works all the way up the hierarchy - the lowest nonzero multipole moment is always
independent of origin.)

(Gri�t, problem 3.45)
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4. Three point charges are located as shown in the following �gure: , each a distance a from
the origin. Find the approximate electric �eld at points far from the origin. Express your answer in spherical
coordinates, and include the two lowest orders in the multipole expansion. (Gri�t, problem 3.32)

5. Show that the electric �eld of a ("pure") dipole Edip (r, θ) =
p

4πε0r3

(
2 cos θr̂+ sin θθ̂

)
can be written in the

coordinate-free form Edip (r) =
1

4πε0r3
[3 (p · r̂) r̂− p]. (Gri�t, problem 3.33)

2 Polarization:

Read the section 4.1 �Polarization� in �Introduction to electrodynamics� by David J. Gri�ths.

1. According to quantum mechanics, the electron cloud for a hydrogen atom in the ground state has a charge
density ρ (r) = q

πa3
e−

2r
a , where q is the charge of the electron and a is the Bohr radius. Find the atomic

polarizability of such an atom. [Hint: First calculate the electric �eld of the electron cloud, Ee (r); then
expand the exponential, assuming r � a. For a more sophisticated approach, see W. A. Bowers, Am. J.
Phys. 54, 347 (1986).] (Gri�t, problem 4.2)

2. Energy:

(a) Show that the energy of an ideal dipole p in an electric �eld E is given by U = −p ·E.
(b) Show that the interaction energy of two dipoles separated by a displacement r is !!!!!!!!!!!!!!!!!!!!!!!!!!!

U = 1
4πε0r3

[p1 · p2 − 3 (p1 · r̂) (p2 · r̂)].

(Gri�t, problem 4.7 & 4.8)
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